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Abstract 

The initial boundary value problem for a general balance law in a bounded domain is proved 
to be well posed. Indeed, we show the existence of an entropy solution, its uniqueness and its 
Lipschitz continuity as a function of time, of the initial datum and of the boundary datum. 
The proof follows the general lines in [3] , striving to provide a rigorous treatment and detailed 
references. 
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1 Introduction 

This paper is devoted to the well posedness of a general scalar balance law in an n-dimensional 
bounded domain, that is of 


d t u + Div f(t, x, u) = F(t, x, u ) 
zt(0, x) = u 0 (x) 
u{t, 0 = u b (t,€) 


x £ ft 

(t,f) £lxdfl. 


( 1 . 1 ) 


A key reference in this context is the classical paper by Bardos, Leroux and Nedelec @J. There, the 
“correct” definition of solution to <0> is selected, in the spirit of the definition given by Kruzkov 
in the case Cl = R n , see m Definition 1], A proof of the existence, uniqueness and continuous 
dependence of the solution from the initial data is described in [3] in the case u b = 0. 

For its relevance, since its publication, the well posedness of (1.1) proved in [3] was refined 
or explained in various text books, mostly in particular cases. For instance, the case / = f(u), 
F = 0 and u b = 0 is detailed in [7J Section 6.9], while non homogeneous boundary conditions are 
considered in m Section 15.1], always in the case / = f(u), F = 0. A different type of boundary 
condition is considered, for instance, in [2]. 


Below, we aim at a presentation which covers the general case (1.1), which is self contained 


and with precise references to the elliptic or parabolic results required. Where possible, we also 
seek to underline which regularity is necessary at which step. As a result, we also obtain further 


estimates on the solution to (1.1). 


As in (4] and |15| . existence of solution is obtained through the vanishing viscosity technique. 
The usual term e Au is added on the right hand side of the equation in (1.1), turning it into the 
parabolic problem 


! d t u e + Div f(t, x, u E ) = F(t, x, u E ) + e A u E (t,x) £ I x ft 

u E (0, x) = u 0 {x) x £ ft (1.2) 

u e (t,€) = u b (t, £) (t,£) £ I x dfl, 
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which is first considered under stricter conditions (regularity and compatibility of the data). Clas¬ 
sical results from the parabolic literature 0111113 can then be applied to ensure the existence 
of a solution u e to ( |1.2[ ) in the case Ub = 0. To pass to the limit e —> 0, suitable bounds on 
u e are necessary. First, the L°° bound (3.3) is fundamental. In this connection, we note that 
the similar bound jU Formula (9)] lacks a term that should be present also in the case Ub = 0 
considered therein, refer to Section [3] for more details. Then, a tricky BV bound allows to prove 
that the family of solutions to (|1.2[ ) is relatively compact in L 1 , so that the limit of any convergent 
subsequence of the u e solves m 

The next step is the problem with Ub ^ 0, a situation hardly considered in the literature. 
To rigorously extend the existence of solutions to the non homogeneous case, a time and space 
dependent translation in the u space of the solution to (1.1) is necessary. This leads on one side 
to the need of solving an elliptic problem and, on the other side, to prove that this translation 
does indeed give a solution to o An ad hoc adaptation of the doubling of variables technique 
from m makes this latter proof possible. However, to get the necessary estimates on the trans¬ 
lated balance law (6.18), strict regularity requirements on the elliptic problem are necessary, see 


Lemma 6.1 All this leads to keep, in the present work, strict regularity assumptions on Ub and 


the condition that Ub{ 0,£) = 0 for all £ £ <911. 

At this stage, the existence of solutions to (1.1) is proved, under rather strict conditions on 
initial and boundary data. A further use of the doubling of variables technique allows to prove the 
Lipschitz continuous dependence of the solution form the initial and boundary data. Remarkably, 
this technique allows to obtain a proof that essentially relies only on the definition of solution, in 
a generality wider than that available for the existence of solutions. Finally, we thus obtain at 
once also the uniqueness of solutions to and to relax the necessary condition on the initial 
datum. 

The bounds on the total variation of the solution have a key role throughout this work. First, 
they are obtained in the case Ub = 0, similarly to what is done in 0, see (4.1) -(4.2). This bound 
depends on the total variation of the initial datum and on various norms of the flow / and of the 
source F. The translation that allows to pass to the non homogeneous problem leads to consider 
a translated balance law, where the translated flow and source depend on an extension of the 
boundary data, see (6.18). Therefore, the bound on the total variation of the solution to the 
translated problem depends on high norms of the boundary datum, see (4.5), which in the end 
imposes to keep the condition Uf,(0,£) = 0 for all £ £ dfl. 

The paper is organized as follows. The next section is devoted to the main result, which is 
obtained through estimates on the parabolic approximation to ( |1.1[ ), presented in Section [3j 
Then, Section [4] accounts for the hyperbolic results. All proofs are deferred to sections [5j [6] and []j 
A final appendix gathers useful information on the trace operator. 


2 Notations, Definitions and Main Result 

Throughout, R + = [0, +oo[, B(x,r) denotes the open ball centered at x with radius r > 0. The 
closed real interval I = [0, T] is fixed, T being completely arbitrary. For the divergence of a vector 
field, possibly composed with another function, we use the notation 

Div / (t, x, u(t, x)) = div / (t, x, u(t , x)) + d u f ( t , x, u(t , x )) • grad u(t, x). 

The Lebesgue n dimensional measure of 11 is denoted £ n (ll), while the Hausdorff n— 1 dimensional 
measure of <911 is T~L n ~ 1 (dVl). 

We use below the following standard assumptions, where £ £ N and a £ [0,1[: 

11 is a bounded open subset of R n with piecewise C i,a boundary <9 11 and exterior unit 
normal vector v. 

(f) / £ C 2 (£;M n ), d u f £ L°°(£;R"), div/ £ L°°(£;R). 

(F) F £ C 2 (£;M), d u F £ L°°(£;R). 
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(C) Uo G (BVnL°°)(0;R) and u b G (BVnL°°)(/ x <912;R). 
Above and in the sequel, we denote 

E = Jxl!xI. 


Above, we followed the choice in [21] Chapter 10] of a boundary data with bounded total variation. 
Refer to [19] Section 2.6] and [20] for a generalization to L°° boundary data. For a definition of 
functions of bounded variation on a manifold, refer for instance to m Definition 3.1]. 

Our starting point is the definition of solution, which originates in the work of Vol’pert [22] , 
see also [3 [3 qi m 


Definition 2.1 ([3 p.1028]). Let 2 satisfy Fix u 0 and u b satisfying (C). A solution 

to (1.1) on I is a map u G (L°° fl BV)(/ x 12; R) such that for any test function p G C^(]— oo,T'[x 
R n ; R+) and for any JiGK, 


/ / \ \u(t,x) - k\ d t ip(t,x) + sgn(u(f,x) - k) (f(t,x,u)-f(t,x,k))-gr&dip(t,x) 
JiJn l 

+ sgn(u(t, x) - k) (F(t,x, u) — div f(t , x, k )) p(t, x) j- da; di 

+ / |u 0 (a;) — fc| </5(0, x) da; 
an 

- J J sgn (u b (t,Q - k) (/ (t,£, (tr u) (t,£)) - f(t, £, &)) ■ "(0^,0 d£d t 


( 2 . 1 ) 


0 


Above, tr u(t, £) denotes the trace of the map x —> u(t, x) on <912 evaluated at f. More information 
and references on the trace operator are collected in the Appendix. 

Now, we recall consequences of Definition |2.1| specifying the sense in which the initial datum 
is attained. 


Proposition 2.2. Let (« 2 ,o), (f), (F) and (C) hold. Let u G (BV nL°°)(/ x 12; R) be a solution 
to (1.11 in the sense of Definition 2.1 Then, there exists a set £ C I of Lebesgue measure 0 such 
that 


lim 

t —>-0—(—, t£l\£ , 


I u(t, x ) — u Q (a;)| da; = 0 . 


The proof is deferred to Section [7] 

A further similar consequence of the above definition of solution and of the properties of the 
trace operator is the following Proposition. It gives information on the way in which the values of 
the boundary data are attained by the solution. 


Proposition 2.3. Let (f2 2>0 ), (fUF) and (C) hold. Let u G (BV n L°°) (/ x 17; R) be a solution 
to in the sense of Deftnition\2. l\ Then, for all k G R and for almost every (t, £) G I x <912, 


sgn (tr u(t, £) — k) — sgn (u b {t, fl) — k) f (i,£, (tru) - f(t,£, k) ■ z/(£) > 0. (2.2) 


Moreover, for almost every (t, £) G / x 912 


min sgn (tr u(t,fl)-u b {t,fl)) f (f, £, tr u(t, £)) - / (t, £, k) ■ v{£) = 0, (2.3) 


where T(t,£f) = (fc G R: (u b (t,£) — k) (k — tr u(t, £)) > o|. 


The proof is deferred to Section[7j In other words, ( |2.3[ ) states that tr u and u b may differ whenever 
the jump between them gives rise to waves exiting 12. 

Recall now the classical concept of entropy - entropy flux pair, in the general case (1.1). 


Definition 2.4. An entropy - entropy flux pair for equation dtu + Div f(t, x, u) = F(t,x,u ) is a 
pair of functions (£,.F) such that: 
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1. £ £ C 2 (R;R) and F £ C 2 (J x SI x R;R"); 

2. £ is convex; 


3. for all {t, x,u) £ £, £'{u) d u f(t, x, u) = d u F{t, x, u). 

In the case of the general balance law the differential form of the entropy inequality is 

d t £ ( u{t,x )) + DivJ 7 (t,x,u(t,x)) < £' (u(t,x)) (f (t,x,u{t,x)) — div/ (t,x,u(t,x))^ 

+ div F (t, x, u(t, x)) . 

Particular cases of this expression are considered, for instance, in Mm noma ed. 


Definition 2.5. Let SI satisfy (Sl 2 ,o)- Fixu 0 and Ub satisfying (C). An entropy solution to (1.1) 
is a map u £ (L°° (~l BV)(I x S2;R) such that for any entropy - entropy flux pair (£,F) and for 
any p £ C 2 (]— 00 , T[ x R”;R + ), the following inequality holds: 

J ^£ (u(t,x)) d t p(t, x) + F (t, x,u(t,x)) ■ gva,dp(t,x) 

+ £' (u(t,xf) (t,x,u{t,x)) — div/ (t,x,u(t,x)^ + div F (t,x,u{t,x)) 

+ / £ (u 0 (x)) p(0,x)dx 

J 0 

T (t,€,u b (t,£)) 


pit, x) f dx d t 

(2.4) 


I Jd O 


-£ 


' [ub{t,£)) (/ (t,€,u b (t,£)) - / (*,£,tru(i,£))) 


‘ / (0<p( t >0 d{dt > 0. 


Formally, Definition |2.1| is a “particular” case of Definition |2.5[ obtained choosing as entropy 
- entropy flux pair the maps 

£{u) = \u— k\ and F(t, x, u) = sgn(it — k) (/(t, x, u) — f(t, x, fc)) , 
for k £ R. However, the two definitions actually coincide. 

Proposition 2.6. Deflnitions\2.1\ and\2.5\ are equivalent for bounded solutions. 


This Proposition is well known and its proof is briefly sketched in Section [7] 

We are now ready to state the main result of this paper. 

Theorem 2.7. Let T > 0, a £ ]0,1[, and assume that (fI 3!Q ,), (f) and (F) hold. Fix an initial 
datum u 0 £ (L°° n BV)(S2;R) and a boundary datum u b £ C 3,a (7 x 9S2;R) with u b ( 0,£) = 0 for 
all £ £ dfl. Then, problem <o> admits a unique solution u £ C 0,1 (/; L 1 (S1; R)). Moreover, the 
following estimates hold: 


N*)l 


L“(n;M) 


< 


^||Mo|| L oo(Q. R ) + ll w b|lL“([0,t]xn;R)J e 
C 2 + ||dtU&|| Lo o([ 0 ,t] X fi; 


Cl 


(e Clt - 1) 


TV (u(t)) < C(S2, f, F, t) ^||wb||c3.a([o i t]xan;R) + ll' u &llc 3 - o, ([o,t] 

x ^1 + t + ||w 0 || L oo(f 2;R ) + TV {u 0 )^J 
x exp (c(nj,F,t)(i + \\ 

u &llc 2 >“([o,t]xc»n 


xan ; i 


1;R) ) 


l{t.) m ( s )|Il1(0;R) — 


sup TV (u(r)) ) \t — s| 
,re[s,i] J 


(2.5) 

( 2 . 6 ) 

(2.7) 


fort, s £ I, where C\, c 2 andC(£l, f, F,t) are independent of the initial and boundary data, see (5.1) 
and (6.43). 
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The proof consists of the lemmas and propositions in the sections below, together with the final 
bootstrap procedure presented in Section [7] The Lipschitz continuous dependence of the solution 
from the initial and boundary data is stated and proved in Theorem |4.3[ 


Remark 2.8. The above estimate (2.5) shows that the solution u is in L°°(J x 12; R). By (2.6), 
we also have u(t) £ BV(12;R) for every t £ I. The Lipschitz continuity in time ensured by (2.7) 
then implies that u £ (L°° n BV)(7 x 12; R), as required in Definition 2.1 
using exactly the arguments in J5J Section 2.5, Proof of Theorem 2.6]. 


This can be proved 


3 The Parabolic Problem (1.2) 


All proofs of the statements in this Section are deferred to Section [5] Note that the results in this 
section are obtained without requiring that u b = 0 . 


The next Lemma provides the existence of classical solutions to the parabolic problem (1.2). 


Lemma 3.1. Fix a £ ]0,1[. Let conditions (02 lC ,), (f) and (F) hold. Assume moreover that 
there exists a function u £ C 2 ' S (I x S2;R), with S £ ]a, 1[, such that 


for all f £ 512. 


(3.1) 


d t u( 0,0 + Div / (0, u( 0, 0) = F (0, £, u(0,0) + e A«(0,£) 
u o{0 = «( 0,0 = u b ( 0,0 
Then, setting 

u o (x) = u(0,x) for all x £ LI and u b (t, £) = u(t, £) for all (t, £) £ I x 512, (3.2) 


there exists a unique solution u £ to (1.2) of class C 2,7 (/ x 12; R), for a suitable 7 £ ]<5,1[. 


We now provide an L°°-estimate for the solution u e to (1.2). It is important to note that we 


obtain a bound that holds uniformly in e, see (3.3). 


Lemma 3.2. Fix a £ ]0,1 [. Let conditions (122, a), (f) and (F) hold. Assume moreover there 
exists a function u £ C 2 ' S (I x 12; R), for 5 £ ]a,l[, such that holds. Let u e be a solution 


to (1.2) with u 0 and u b as in (3.2). Then, for all t £ I, 


l' U e|lL“([ 07 ]xn;K) — 


J 'o|lL“( 0 ;R) T ll' U bllL“([0,t]x9n ; R1 ) ” + „ l e ^ " i j> (^-3) 

where c\, C 2 are constants depending on the L°° norms of div f, d u div f, F and d u F, as defined 


in (5.1). 


We remark that, also in the case u b = 0, due to the presence of the second addend in the 


right hand side, the above estimate (3.3) significantly differs from the L°° bound [3] Formula (9)], 
which can not be true. Indeed, the estimate [4[ Formula (9)] implies that the solution to 
with u 0 = 0 and u b = 0 is u = 0 , which is false as, for instance, the case where f(t,x,u) = —x 
and F = 0 clearly shows. 


Consider now problem (1.2) with homogeneous boundary condition, i.e., u b (t, £) = 0 for (t, £) £ 


I x <912. In the next Lemma we partly follow [U Theorem 1], J7J Chapter 6 , § 6.9] and |101 Chapter 4]. 
Introduce the notation 


U(t) = [— M(t), M(t)] with 

M(t) = 


■MlL^qniR) 


MlL“([o,t]xon ; R)) eClt + { eClt l) > 

/ Cl 


(3.4) 


as in (3.3) and (5.1). 


Lemma 3.3. Fix S £ ] 0,1 [. Let conditions (122,6), (f) and (F) hold. Assume moreover that 
u 0 £ C 2 ,< 5 (12;R) is such that u 0 (£) = 0 for all f £ <912 and u b (t,f) = 0 for (2,£) £ I x 12. Let 
u e £ C 2 (J x 12;R) be a solution to ( |1.2[ ). Then, 

(3.5) 


TV {u e (t)) < C e (t) 
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(3.6) 


\\u E (t) - U e (s)|| L1(n . K) < Ce (max{£, s}) \t-s\ 

for t,s £ I, where 

C £ (t) = (Ai + A 2 t + A 3 ||gradu 0 || L1(n;Rn) + e||Au 0 || Ll(n;I 


„a 4 t 


(3.7) 


Above, A\, A 2 , , A 4 are constants depending on n, ft and on norms of Df and F, see (5.29). 

In particular, they are independent of e and of u a . 


4 The Hyperbolic Problem fll.ip 

In the particular case of homogeneous boundary condition, we study the convergence of the se¬ 


quence (u e ) as e tends to 0. We also prove that the limit function is a solution to problem (1.1), 
with homogeneous boundary condition. 

Proposition 4.1. Fix 5 £ ]0,1[. Let conditions (Tl 2 ,s), (f) and (F) hold. Assume moreover that 
u a £ C 2 ’ l5 (f2;K) is such that u a (f) = 0 for £ £ <9f l, and Ub(t,f) = 0 for (£,£) £ I x Cl. 

Then, the family of solutions u e to (1.2) is relatively compact in L 1 . Any cluster point u Q g£ 


L 1 (J x f2;R) of this family is a solution to (1.1), with Ub = 0, in the sense of Definition 
Moreover, the following estimates hold: 


2.1 


L”(fl;R) 

< 

ll M o| L“(n ; R) e 1 

TV ( Uoo (£)) 

< 

m 

^oo(s) L !(n ; R) 

< 

£(max{£, s}) £ 


£2 

Cl 


(4.1) 


for t,s £ I, where 


C(t)= (A.! + A 2 t + A 3 ||gradu 0 || Ll(a . Rri) ) e Ait (4.2) 

Above, Ci, C 2 , Ax, A 2 , A 3 , A 4 are constants depending on n, Cl and on norms of Df and F, see (15. 1|) 


and (5.29), all independent of the initial datum. 


Note that Uoo £ (L°° D BV)(/ x fl;R), see Remark |2.8| 

Theorem 4.2. Fix a £ ]0,1[. Let conditions (Cl 3ta ), (f) and (F) hold. Assume moreover that 
Ub £ C 3 ’“(/ x (9f2;R) and u Q £ C 2,<5 (fi;R), with 5 £ ]a, 1[, are such that 


u 0 (£) = 0 = Ub{ 0, £) for all f £ dCl. 


(4.3) 


Then, there exists a unique solution u £ C 0,1 (/;L 1 (fl;K)) to (1.1) in the sense of Definition 
Moreover, the following bounds hold: 


2.1 


4*) I 


L°°(n ; R) — 


(ll u o|lL~(fi;R) + ll M f>llL“([0,t]xn ; R)) e 

C2 + ||9tUf,|| L oc([Q it ] xfJ . 


Cl 


(e Clt - l) 


TV («(!)) < C(Cl, /, F, t) ^||wb|| C 3 ,o([o it ] X 0 fi;]K) + ll u £>llc 3 -“([o,t] 

x (l + £ + TV (u 0 )) 
x exp (C(0,/,F,£)(1 + || 

U b|lc 2 .°([0,t]xc>n;R)) *) 


xan ; i 


|«(*)-«W|| Ll(n; i 


< ( sup TV (u(t)) I |£ — s| 

\re[s,t] J 


(4.4) 

(4.5) 

(4.6) 


fort, s £ I, where Ci, C 2 andCICl, f, F,t) are independent of the initial and boundary data, see (5.1) 
and (6.43). 
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Above, Remark 2.8 applies and guarantees that u £ (L°° D BV)(J x fl;M). 

Following [U Theorem 2], we extend [2] Theorem 15.1.5] to the case of balance laws with time 
and space dependent flow and source. 

Theorem 4.3. Let (fi 2 ,o), (f) and (F) hold. Set 

Lf = I|5«/IIl=°(E;R") an d Lf = ||5u-F 1 |Il“>(E;R) • 

Assume that the initial data u 0 ,v 0 and the boundary data Ub,Vb satisfy (C). If u and v are the 
corresponding solutions to (1.1) in the sense of Definition 2.1 then, for all t £ I, the following 
estimate holds 

/ \u(t, x) — v(t, x)| da; < e Lpt / \u a (x) — v Q (x)\dx 
Jn if! 

+L f [ e Lp ^ _t) f \ub{r, £) — Vb(r, £) | d£ dr. 

Jo Jan 


5 Proofs Related to the Parabolic Problem 


Proof of Lemma |3.1[ To improve the readability, we write u instead of u E . We apply jjj, 
Chapter 7, § 4, Theorem 9]. To this aim, in the notation of [9, § 4], we verify the required 
assumptions with reference to Lu = f(t,x,u,gra,du), where 

Lu = e A u — d t u 

f(t , x, u, w) = div f(t , x, u ) + d u f(t, x, u) ■ w — F(t , x, u ). 

The boundary and initial data ip in |9] corresponds here to the function u. The required C 2,Q 
regularity of S = I x dLl is ensured by the hypothesis. The parabolicity condition [Q] Chapter 7, 
§ 2, p.191, (A)] holds with H 0 = e. The condition [9J Chapter 7, § 4, p.204, (B’)] on the coefficients 
of L is immediately satisfied: the only non-zero coefficient is the constant e. By hypothesis, the 
function u is in C 2 ’" 5 , for a < 6 < 1. The Holder continuity of f follows from (f) and (F). 
Concerning [9] Chapter 7, § 2, p.203, Formula (4.10)], it reads: 

u f(t, x, u, 0) = u (div f[t, x, u) — F(t, x, u )) 

— I U I (|| /(' 1 ' 1 0) 11 (Jxr2;K) l|-^(' , ' , 0)llL“(/xn;R)) 

+ u div /|| L oo(/ x f 2 xR . R ) + II^11 loo (jxOxR;R)) 

< Aim 2 + A 2 


for suitable positive Ai,A 2 , by (f) and (F). 

Passing to P Chapter 7, § 2, p.205, Formula (4.17)] 

\f(t,x,u,w)\ < I div f(t, x, u) | + \\d u f(t,x,u)\\\\w\\ + \F(t,x,u)\ 

— (j|^ v /('> ■> 0 )||L°°(/ X n ; M) •) B)|| L <»(/xn;R)) 

+ ^||9«div/|| L00 ^ Jx Q xK . R j + ||A|| LO o^j x q X R;R)^ M 

+ II^u/IIl 00 (7xQxR;R n ) II ^11 

< ^(M) + mIMI 


for a non decreasing function A and a positive scalar /z, by (f) and (F). Lastly, the compatibility 
condition Lu(0,x) = f(0,x,u, gradu) on DLL holds by (3.1). 

We can thus apply [9J Chapter 7, § 4, Theorem 9], obtaining the existence of a solution u s 
to (1.2) in the class C 2,7 (7 x H; R) for 0 < 7 < 1. Moreover, [5J Chapter 7, § 4, Theorem 6 ] ensures 
the uniqueness of the solution. The verification that the necessary assumptions are satisfied is 
here immediate. □ 
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Proof of Lemma |3.2[ For the sake of readability, we write u instead of u E . We use m Chapter 1, 
§ 2, Theorem 2.9], which refers to 

n 

dt.u — ^2 aij{t 7 x , u, gradw) dfjU + a(t, x , u, gradtt) = 0 

i,j =i 


where, in the present case, 

a,ij(t,x,u,p ) = eSij for i, j = 1 ,... ,n, 

a(t,x,u,p) = div f(t, x, u) + d u f(t, x, u) • p — F(t, x, u). 

Condition (S~i 2 ,a) ensures the necessary regularity of the domain. By (f) and (F), the regularity 
requirements on a.y and a are met. Moreover, 

n 

[115] Formula (2.29)]: ^ a,ij(t,x,u,0)£i£j = £||£|| 2 > 0 

i,0 = 1 

[H5] Formula (2.32)]: ua(t,x,u, 0) = u divf(t,x,u) — uF(t,x,u) 

> -$(|u|)|u| 

where & 2 = 0 in [T51 Chapter 1, § 2, Formula (2.32)], 


$(|u|) = ci |w| + c 2 and 


C 1 — 1 + H^ti div /llL°°(/xf2xR;K) + II^u-^1Il“(/ 


C2 = ||div/(-,-,0)|| Loo(/x ^ + ||F(-,-,0)| 


xfixl 


L °°(Jxf2;lE 


(5.1) 


Note that $ is nondecreasing, positive and condition [TCI Chapter 1, § 2, Form ula (2.32)] holds. 
Hence, [T0 Chapter 1, § 2, Theorem 2.9] applies and the solution u to (1.2 1 satisfies TCJ For¬ 
mula (2.34)] with ip(^) = (c 2 /ci) (£ Cl — 1), so that 


L“([ 0 ,t]xfi;l) — (ll M °llL“(n;R) + II u b\\ L=°([ 0 ,t] x9fi;R)) 


; Clt + — (e Cl * - 1 ) . 

Cl 


completing the proof. 

Proof of Lemma 


□ 


3.3 


First, define w e £ C 2 , °(f2;R) as solution to the elliptic problem 


j Aw e = -Au 0 + \ div/(0,a;,0) + \ d u f(0,x,0) • gradit D (x) - | F(0,x,0) ie!l, 

[ u> e (£) = 0 £ £ dQ.. 

The elliptic problem above admits a unique solution w e £ C 2 ,< 5 (fi;R) thanks to jTS] Chapter 3, 
§ 1, Theorem 1.3]. Indeed, with reference to the equation Lw e (x) = f(x) where 


Lw e = ^2 a,ij(x) d^jWe + ^2 a ii x ) 9iW e + a(x) w e = Aw e 

i,j =1 i—1 

f{x) = - Au 0 + - div/(0, x, 0) + - d u f(0,x,0) ■ gra,du 0 (x) - - F(0,x,0), 

£ £ £ 

the hypotheses of m Chapter 3, § 1, Theorem 1.3] are all satisfied: the coefficients of L belong 
to C 5 (f2;R) and satisfy the ellipticity condition; we have a(x) = 0; the boundary dtt is of class 
C 2,<5 by hypothesis; the function / is in C 5 (H;]R) thanks to the hypothesis on u 0 , to (f) and (F); 
the homogeneous boundary condition implies that, in the notation of |18[ Chapter 3, § 1], (p = 0, 
which is clearly in C 2 ,t 5 ((9fi;R). 

Define now u e (t,x) = u 0 (x) + w e (x) for every (t,x) £ I x fi: this function u e belongs to 
C 2,S (I x S2;R) and it satisfies ( |3.1| ) and (3.2), wi th U b = 0. Since dfl is of class C 2 ’ S , it is also 
of class C 2, “ for any a £ ]0,<5[. Hence, Lemma 
u e £ C 2,7 (7 x ST; R), for a 7 £ ]0,1 [, to (1.2) with Ub = 0. 


yields that there exists a unique solution 
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Following jH [71IT0], for 77 > 0 introduce the functions 


z — ri/2 z>r] 

Vrt( z )={ z2 /(. 2r l) z€[-ri,r]} 

—z + 3 ? 7/2 z<—r], 


1 z>r) 

a l r] (z)={ z/r) 2 S [- 77 , 77 ] 
— 1 z<—rj. 


(5.2) 


respect to t the equation in ( 1 . 2 ): 


Note that u e is of class C 2 , hence, by (1.2), A u E is of class C 1 and we can differentiate with 

(5.3) 


dt t u e (t, a) + Div (d t f (t, x, u E (t , a;)) + d u f (t, x, u e {t , a;)) d t u E (t, a)) 
= d t F (t,x,u e (t,x)) + d u F (t,x,u e (t,x)) d t u e (t, x) + d t Au e (t, x). 


Multiply by a' v [dtU E [t,xyj and integrate over Q each term above to obtain 

p j p pdtu £ (t,x ) j p 

J dt t u E (t,x)a' v (d t u e (t,x))dx = — J J a' v (v) dv dx n =° — J \d t u E (t,x)\dx. (5.4) 

Concerning the second term on the first line of (5.3), we have 

/ Div<9 t / (t,x,u e (t, a)) o' (d t u e {t,x)) da 
J n 

= / divdtf (t,x,u e (t,x)) cr' v (d t u E {t,x)) + d u d t f (t,x, u E (t, a’)) gradu £ (f,a) o' v (d t u E (t,x)) da 
Jo. 1 

— —C (n)||div5t/|| L oo([ 0it ] X fj x ^( t );jij — ||gradu £ (t)|| Ll ^ n . Rn ^|[9„9t/|| LcxJ Q 0it j xnxW ^^; Rn ) (5.5) 
and 

/ Div (d u f (t, x , u E (t, x)) d t u e (t, x)j o' v ( d t u E (t , a:)) da; 


la n 


v' n (dtu e (t,£)) d u f (t,£,u E (t,£)) ■ v(£)d t u e (t,€) d£ 


- / d t u £ (t, x) d u f (t,x,u E (t, x)) ■ grad d t u e (t,x) o" (d t u s (t,x)) da 
Jn 

> -Wdufh ”([0,f]xfixl7(i);l") I \(hu.:(t,£) d£ 

- H^/llL-([ 0 ,t]xOxW(t);R-) _ \d t u E (t, x) | grad (o' v (d t u E (t, a))) da 


, \d t u e \<r) 


= - Wdufh ”([0,t]xf!xl/(t);l") j \d t u b (th)\ d£ 


-r/ii l “([0 ,t]xfixU(t)|I 


' \d t u e \<T] 


grad dtu e (t,x) da 


— H^“/llL”([ 0 ,t]xOxW(t);R") [ \ dt.Ub(t, £) | d£ 

J d£l 


u b =0 


where, in the last limit, we used [H Lemma 2]. 


To estimate the first two terms on the second line of (5.3), we compute: 

J (d t F (t,x,u e (t,x)) + d u F (t,x,u E (t,x)) d t u E (t,x)j o' v (d t u e (t,x)) da 
— & (^) ll^t^llL“([ 0 ,t]xnxK(t);R) + IR-^1lL°°([0,i]x£2xW(t);R) \\dtU e (t) ||L 1 (fJ;R") 


(5.6) 
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To bound the last term on the second line of (5.3), we proceed as follows: 

£ / d t Au E (t,x)a' (d t u e (t,x)) dx 
J n 

= £ [ d t grad u E (f, £) • i/(£) o' (d*u e (£,£)) d£ - / ||<9 t gradu e (f, cc )|| 2 cr" (d t u e (t,x)) da; 
Jon Jn 

< e [ dt grad u e (t,£) • z/(£) <r' (d t u e (£,£)) d £ 

JdQ 

= £ grader,, (d t u e (£,£)) • i/(£) d£ 

JdQ 


«bf =0 


Integrate (5.3) in time over [0,t], using (5.4), (5.51 and (5.6) to obtain 

jd t u e (£)|| 

L 1 (f2;R) 

— 11 (0) 11 L i (rj;R) 

+ £ n (Q.) £ ||div9t/|| LoO (j 0)t ] xnxM ^. R j 

+ / l|3«^/ll L « ([ o,r ]x n X M ( t )i R» ) ||gradu e (r)|| Ll(n . R „ ) dr 
J 0 

+ C (fl) £ ||5ti ? || L o O ([ 0 ,dxn x w(t) ; m) 

+ / \\d u F || L ”([0,r]x!)xW(t);l) ||5tw e (r)|| 

L l (n ; M) dr 
J 0 

— || (0) || Ll (fj;R) + £ (ll d i v ^t/llL°“([0,t]xnxW(t);R) + ll'^t-^ 1 |lL“([0,t]xnxW(t);R) 

+ (\\dudtf\\ L CXJ ([0,i]xfixW(t);R'*) + RF|| L“>([0,t]x!)xl/(t);R)) 

x [ (||5 t u e (r)|| L1(n;R) + ||grad Ue (T)|| L1(n;R „ ) )dr. 


(5.7) 


Using the parabolic equation (1.2), we can estimate the first term in the right hand side above as 
follows: 


11 dtu £ ( 0 ) 11 L i (q ;R ) < Wdufh 00 ([0,t] xf2xW(t);R n ) ||gradu 0 || Ll(n . R , 


+ C 


L“([0,t]xf!xW(t);l) 


Ill’ll 


L°°([0,t]xQxW(t);t) 


(5.8) 


+ £ ||^ M o|lLi(n;R) • 


As noted above, Au e is of class C 1 and, for j = 1 ,...,n, we can differentiate the equation 
in (1.2) with respect to Xj to obtain 

d t djU e (t,x) + Div (t,x,u e (t,x)) = (£, x, u e (t, x)) + AdjU e (t, x) . (5.9) 

Multiply by o'^djUg) and integrate each term in (5.9) over U: 

f d t djU s (t, x) a' v ( djU E (t,x )) da; = f a v (djU s (t,x)) da; = ^- ( o v ( djU s (t,x )) da; . (5.10) 

j j 17 j 17 


To estimate the second term in the left hand side of ( |5.9| ), we follow [2 Chapter 6 , Proof 
of Lemma 6.9.5], use the equality grad <9,u £ (f, a;) cr), (djU E (t,x)) = grader), (djU E {t, x)) and the 
Divergence Theorem: 


/ Div T - / (£> u e(t, x )) a ' v ( djU £ (t. , x)) da; 

J 17 0-3'j 
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= / Divdjf (t,x,u e (t,x)) a v (djU e (t,x)) dx 

Jn 

+ Div (d u f (t,x,u e (t,x)) djU e (t, x)^j a ' (djU E (t, x)) dx 

= / divdjf (t,x,u E (t,x))a' (djU E (t,x))dx 
Jn 

+ / d u djf (t,x,u e (t,x)) djU e (t,x)a' (djU E (t,x))dx 

+ j Div (d u f (t,x,u E (t,x))^ djU E (t, x) a' v ( djU E (t,x )) da; 

+ / d u f (t,x,u e (t,x)) ■ grader,, {djU e (t,x)) da; 

Jn 

— “ ^ (^) Hgraddiv /|lL~([0,t]xfJxW(t);E") 

- 11grad<9 u /|| l 

“>([ 0 ,t]xnxW(t);R" x ") J ^ |^i U e (t,a;)cr^ (dju e {t, x)) 
+ j Div (d„/ (t,x,u e (t,x))^j dju e (t, x) a' v (djU E (t,x)) da; 

- J Div (d u f (t,x,u E (t,x))' S ) a v (djU E (t,x))dx 

+ [ a v {djU £ (t,£)) d u f (t,£,u e (t,£))-v(£) d£ 

Jan 

> - C n (n) ||graddiv/|| Loo([0it]xnxM(t);R „ ) 

- |grad9 u /|| LOO( -jQ !t j xf2xW ( t ) ;Rn xn) \djU E (t,x)\dx 

+ / Div 


da; 


d u f (t, x, u E (t,x)) djU e (t,x)a' v (djU E {t,x)) - a v {djU e (t,x)) da; 
ju L J L 

+ I a v (djU £ {t,0) duf (t,€,u e {t,£)) ■ v{Od£. 

Jan 

For later use, note that, for £ € dfl, ( |1.2| ) is the equality 

duf (t,€,u E (t,£)) ■ z/(£) d v u e {t,£) = e Au s (t, £) + F 1 (t, £, u E (t, £)) - div f (t, £, u E (t, £)). 
Hence, thanks also to the fact that 


(5.11) 

(5.12) 

(5.13) 

(5.14) 


d v u E Vj = djU, 


3 “e ) 


(5.15) 


we can now elaborate (5.14) as follows: 


Vr) (djU E (t, £)) d u f (t,£,« E (t,£)) -KOd£ 


/an 

j dn (eA u e (t,£) + F(t,£,u e (t,£)) - div/ (i,£,u e (t,£))) ^(£)d£. (5.16) 


(*,0 


Here we used the fact that cr^(z) = o(z) for 0 —>■ 0, so that the map z —> u v (z)/z is well defined 
also at z = 0. Pass now to the first term in the right hand side of (5.9): 

/' d 


In dxj 


F(t, x, u E )cr' v ( djU e (t,x )) dx 


J (djF (t,x,u e (t,x)) + d u F (t,x,u e (t,x)) djU e (t,xfj a ( dju e (t,x )) dx 
J djF (t, x, u e (t, x)) cr ' (. djU E (t , x)) dx 
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+ / d u F (f, x, u e (t, x)) djU s (t, x ) a' n ( djU E (t , x)) dx 
Jn 

< £ n (fi)||gradF|| L °°([0,t]xfixW(t);R") + llL°°([0,t]xnxW(t);R) I \9jU E (t,x)\dx , (5.17) 


while the last term on the right hand side of (5.9) gives 
e / Adju e (t,x) a' v [djU E (t,x)) dx 

J n 

= e cr' (djii E (t,t;)) graddjit e (t,£)-i/(£)d£-e / grad dju E (t, x) ■ grader' (i,ai) da; 

Jan Jn 

= e a’ (djU e (t,£)) gra,ddjU e (t,£)-v(£)d£-e / er"(t, a:) ||gradd,-u £ (t, x)|[ da; 

Jan Jn 

< £ [ cr' (djU e (t, £)) graddjU e (t,£) • i/(£) d £ 

Jan 

< £ [ a' (djU e (t, £)) d v (djU e (t, £)) d£ . (5.18) 

Jan 

Integrate ( |5.9[ ) in time over [0,£], using ( |5.10| ), (5.11)—(5.13), (5.16), (5.17) and (5.181 to obtain 

/ cr^ (djU s (t, x)) da; (5.19) 

Jn 

< / cr^ (&,u £ (0, a;)) da; 

Jn 

+ £ n (fi) 111 grad div / || Loo([0it]xnxM(t);R „ ) 

+ f ||grad<9 m /|| l 

“([o.tlxnxwt*);* 71 *''*) 11% U£ ( t )|Ili(Q;r) ^ T 


Div 


o Jn 


da; dr 


d u f (t,x,u s (t,x)) djU e {r, x)^ (■ djU E (r,x )) - cr,, (djU E (r, x)) 

- f [ aV U ^ T ’^ (gAu £ (r, g) + F (r, g, u E (r, £)) - div / (r, g, u e (r, £))) ^(0 d £ da 
Jo Jan OjUe^r, v / 

+ £ (f2) t ||gradF|| LoO Q 0i i] x n x ^( t ) ; Mn) 

+ / II^IIl ”([ 0 ,t]xnxW(();l) || 9 J -M £ ( T )|| L i (n; R ) dr 
0 

+ [ [ (djU e (T,£)) d v (9jU e (r,0)d^dr 

Jo Jan 

< / ov, (<9j-u £ (0, a;)) da; 

Jn 

+ C (fl)t (||graddiv/|| LOO Q 0t ] xnxW ( t ). Rn ) + ||gradF|| Loo ^ 0( j xnxW ^j. R „^ 

+ (j|gradd„/|| L 

“([ 0 ,t]xnxU(t);R”*") + iimi l °°([0,t]xnxM(t);R) ) / 11% Me ( T )|lL 1 (n;R) ^ T 


Div 


o Jn 


+ £ 



io Jan 


d u f (t,x,u s (t,x)) djU E (T,x)a' n (djU E (T,x)) - ar, (djU E (r,x)) dxdr ( 5 . 20 ) 

a v (djU e (T,Z)) d u {djU e {T, £)) - Au £ (t,£) ^(0 ) d C dr ( 5 - 21 ) 


a v (djU E (T,£)) 

o Jd n djU e {T,Q 


djU E (r, £) 

(D 0) - div / (t, £, 0 )) ^ (0 d£ dr . 




(5.22) 


12 





















To compute the limit 77 —>• 0, consider first the latter three terms above separately: 


lim (5.20) =0 

77—>-0 L1 - J 


(5.23) 


Concerning (5.21), following pi Proof of Lemma 6.9.5], it is useful to recall the following relations, 
based on (5.15): 


d v {djU e ) = dl„u e Vj + 0(l)d v u E and A u E = dl v u E + 0(l)d v u e . 


(5.24) 


Here and in what follows, by 0(1) we denote a constant dependent only on the geometry of H. In 
particular, 0(1) is independent of the flow /, of the source F and of the initial datum u 0 . Then, 
using (5.24) and the boundedness of a v (z)/z and of cr^, 

<K, (djU e (T,{)) d v (djU E (t,^)) - ^ A u e (t,£) 

CjU e (T,t,) 


= [^(djUei^O) - 


a v ( dju s {r ,£)) 

djU e (r, £) 


dlvU e {Ti£) + 0(X) dvU e {T,0 , 


whence, by [21 Lemma A.3], see also TOs Chapter 4], 

lim [ (|5.21|)] =0(l)e [ [ <9„w„(r, £) d£ dr 
^ 0 - J 0 Jdn 

— 0 ( 1 ) s f f ||gradu e (r,^)|| d£ d? 
Jo Jon 

r t 


<0(l)e f j | Au e (t, x) I dx dr 
Jo Jn 

< 0(1) f ( \dtu E {r, a;)| dxdr 
Jo Jn 

+ 0(1) ||5 u /|| LOO([0|t]xnxM(t) . RB) J J ^ 11grad u e (r, x )11 da; dr 

+ 0(1) C (S})t ^||div/|| LoO Q 0 t ] X Q XW ^ ;R ) + ||A|| LO o ( [ 0 , t ] xnxW ( t);I 


Passing to (5.22), we have the following estimate that holds uniformly in 77 : 


jjTgg) ] <7r*- 1 (3fi)t(||div/( v ,0)| 


L”([0,l]x3fi; 


‘i 0)1 


L°°([0,£] xd£~2;lE 


Insert now (5.23), (5.25) and (5.26) in (5.19)- (5.22) to obtain 
/ \djU E (t,x)\dx 

Jn 

< / \djU E (0, x) | da; 

Jn 

+ C n (fl) t (||graddiv/|| LoO ([ 0 t ] xQxW(t ). H „ ) + ||gradF|| Loo ^ 0|t j XflxW ^ ;Rn ^ 
+ 0(1) C (f l) t ^||div/|| LOO Q 0 ,t] x n x U(t);R) + II^ L°°([0,t]xr2xz^(t); 

+ n n -\dn) t (||div/(•, •, 0 )|| LOO([0it]xan;R) + II F (;., 0 ) 

+ (llg ra( i5«/llL=°([0,t]xnxW(t);R" xn ) A II^M-^1lL oo ([0,t]x«xW(t) 

+ O ^io 11 ^ r - ) 11L 1 (f2;M) dr 


lL°°([o,t]xan 

r t 


;R)) 


(5.25) 


(5.26) 


;R )) J II^M|| L i(n;R) dT 
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+ 0(1) ||a u /|| L oo ([0it]xnxM(t);R „ ) / ||gradu e (r)|| L 1 (Q;H „ ) dr. 
Summing over j = 1,..., n and using the notation 0(1), we get 

11 grad (t) 11 L1 (n . Rn) 

< yfn ||gradu E ( 0 )|| L1(a . Rn) 

+ 0 ( 1 ) t 


(5.27) 


||graddiv/|| LCX , ([0it]xnxM(t);H „ ) + ||gradF|| LOO([MxnxM(t); 

+ I|div/|| L 

”([0,(]xf!xl/(t);I) + 14 “([0,t]xf!xW(();K) 

+ ||div/( v ,0)|| L 

00 ([(),£] xdf2;R) + 11 n '’'’0)|| L ~([O,t]xdfi;R) 

+°( 1 ) j l|g rad ^( r )|lL+n;R+ dT 

x ||grad d u f\\ 

L“([0,t]xQxW(();r x “) + ll^ll L“([0,f]x!ixW(i);R) + \\duf\\ L“([0,(]xfix«(t) ; r) 

+°( 1 ) J q ll^( r )|lL+n;R) dT - ( 5 ' 28 ) 

Summing the inequalities ( |5.7| ), (5.8) and (5.27 +(5.28) we obtain the estimate 
[I^W|Ili(Q;R) + ||gradu £ (t)|| L1(n . Rn) + +i + A 2 t + ||graduj L1(n . R „) + e|| Au 0 || L1 (n;H) 

+A 4 f [||9 t u e (r)|| Ll(n;K) + ||gradw e (r)|| Ll(a;K „ ) ]dT, 


/ 0 


where 


Ai = 0 ( 1 ) (||div/|| L 

oo ([0,t]xf2xW(i);R) + II4I l °°([0,t]xfJxW(t);R) 


A 2 = 0(1) ||graddiv/|| Loo([0>t]xnxM(t);R „ ) + ||gradF|| Loo([0it]xnxM(t);R , 

+ I|div/|| L 

”([0,t]xfixW(t);l) + II+IL oo ([0,t]xnxM(t);R) 

+ I|divd t /|| L 

oo ([0,t]xf2xW(i);R) + \\dtF\\ L 

“([0,(]xf!xW(t);l) 

+ || d i v /('; ') d ) || L°° ([0,t] x9f!;R) + ll+(‘’ ■’ d )|lL“([0,t]xcfn ; R) 

a 3 = o(i) + ||a u /|| L »([0,t]xf!xU(t);R”) 

a 4 = 0 ( 1 ) i + \\d t d u f\\ L 

”([0,i]xf!xW(t);I") + M| L 

”([0,t]x!JxU(t);R) 

+ llgrad9u/|| LO Q([ 0it ] X Q xW ( t ). R nxn) + ||0tt/|lL°o([o,i]x« x w(t) ; R’ 

Note that the A, are increasing with t. Hence, an application of Gronwall Lemma yields 

||dtWe(£)|| L i(fi;R) + ||gradu, e (t)|| Ll ^ n . R „^ 


(5.29) 


< 


(+1 + A 2 1 + x43||gradu 0 || L ijQ. R „^ + e||Au 0 || L i^Q. R ^ 


y-A.4 t 


From the inequality above, (3.5) follows easily, introducing the notation (3.7). Noting that 

rt 


|u e (i)-U E (s)|| L1(n . R) < / ||3tU e (T)|| L1(n;R) , 


we obtain (3.6), concluding the proof. 


□ 
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6 Proofs Related to the Hyperbolic Problem 


4.1 


The family u e of solutions to (1.2) as constructed in Lemma 3.3 


is 


Proof of Proposition 

uniformly bounded in L i (/ x ft;R) by (3.3). It is also totally bounded in L 1 (/ x D;R) thanks 
to |TZJ Corollary 8], which can be applied by (3.51. 

To prove that cluster point of the u E is a solution to (1.1) in the sense of Definition 
introduce k £ I and a test function ip £ C^(] — oo,T[xM n ;R + ). We multiply equation (|1.2|) by 


cr' v ( u E (t,x ) — k ) ip{t,x), with r] > 0 and a' v as in (5.2). Then, we integrate over 1x0: 

dtu e (t , x) + Div / (i, x , u e {t, x)) — F (t, x , u E {t , x )) j cr^(u e (t, x) — k ) <p(t, x) dx di 


2.1 


we 


( 6 . 1 ) 


( 6 . 2 ) 


= £ Au e (t, x) <j' v (u e (t, x) — k) ip(t, x) dx dt. 

JiJ n 

Consider each term in (6.1) separately. Integrate by part the first term: 

/ / d t u e (t,x) a' v (u e (t,x) - k) (p(t,x)dxdt 

JQ JlJfl 

Concerning the second term in the left hand side of (6.1), first integrate by part, then add and 
subtract jf J f(t , x, k) ■ grad (a' rj (■u e (t , x) - k) <p(t, x)) dx dt. After some rearrangements, 

/ / Div / (t, x, u e {t, x)) cr' v (u e (t, x) — k) ip(t, x) dx dt 

JiJ n 

= [ [ f(t,x,u e (t,Z))a'(u e (t,t)-k)ip(t,g)-i'(t)d£dt 
J i Jd n 

- J J f (t, x,u £ (t,x)) • grad (a' v (u E (t, x) - k) <p{t,xfj dxdt 

= [ [ f(t,x,0) a' {-k)ip{t,£) ■ u(^)d^dt 
JiJdn 

- J Is ~ /(*,ic,fc)) • grad (a' v (u E (t,x) - k) <p{t,x)j dxdt 

- J J fit, x, k ) • grad (a' v (u e (t, x) - k) <p(t, x)) dx dt 

= f [ f(t,x,0) a' {-k)ip(t,£)-v(€)d£dt 
Ji Jon 

- J J (/ (t,x,u E (t,x)) - /(t,x, fc)) ■ grad ( a' v (u E {t,x) - k) ip{t,x)^ dxdt 

-[ [ f{t,Z>fy(T , ri {-k)<p(t,£)-v{£)d€dt 
Ji Jon 

+ div/(t, x, k) <j' v (u e (t, x) — k) ip{t, x)dxdt. 

Ji J n 


(6.3) 


We do not modify the third term in the left hand side of (6.1). Passing to the right hand side 
of (6.1), we have: 


/ / e Au E (t, x) <j' v (u E {t, x) — k) ip(t, x)dxdt 

Ji J n 
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= £ 


= £ 


[ [ gradu e {t,€)a' (-k)<p(t,(,) ■ v(£)dt;dt 

Ji Jon 

-s . grad (<(MM) - *) *>M) dx.it 

[ [ <^(-&) ¥>(*,0 gradu e {t,t)-u(£)d£dt 

Ji Jon 

-el / a' r] (u E (t,x) — k) gradu e (t,x) ■ gradi/?(f, x)dxdt 

Ji Jn 

-e / / ||gradu e (f, x) || 2 cr" (u E (f, x) — k) ip(t, x) dx dt. 

Ji Jn 


(6.4) 


(6.5) 


Using (6.2), (6.3) and (6.4), equation (6.1) becomes 

/ / (T v (u e (t,x) — kJ) d t ip(t,x)dx-dt 

Ji Jn 

+ J j (j' v (u e (t,x)-k) (/ (t,x,u e (t,x)) - f(t,x,k)j ■ gradip(t,x)dxdt 

+ J j v"(u e (t,x) - k) (/ (t,x,u E (t,x)) - f(t,x,k)^ ■ gradu E (t,x)<p(t,x)dxdt 

+ JJ v' v (u E (t,x) - k) (f (t,x,u e (t, x)) - div/(t, x, k)j ip(t,x)dxdt 

+ [ a v (u 0 (x)-k) ip(0,x)dx 

Jn 

-f f (r'r,{-k){f(t,£,0)-f(t,€,k))<p(t,Z)-v(g)d€dt 

Ji Jon 

= £ [ f a! n (u E {t,x)-k)gradu E {t,x)-gTadip(t,x)dxdt 
Ji Jn 

+ £ / / 11 grad u e (t, x) || 2 cr" (u E (t, x) — k) ip(t, x) da; dt 

Ji Jn 

-£ [ [ <^(-fc) <p(t,Q gradu E (t,£) • v(£)d£dt . ( 6 . 6 ) 

J i Jd n 

Choose now any sequence e m , with m £ N, and call Uoo the L 1 limit of a convergent subsequence. 
For the sake of readability, we write u E instead of u Em . The left hand side of (6.5) ( 6 . 6 ) converges 
to the same expression with u E replaced by Moq. The first term in the right hand side can be 
treated as follows: 


> 


/ / a' v [u E (t,x) — k) gradu E (t,x) ■ gradip(t, x) dx dt 


> -£m ||grad</5|| LOO(Jxn ; R ) ||gradu e || Ll(/xn;] 


ra—H- oc>q 


since E m is a multiplicative coefficient in the estimate (3.5) of ||gradu E || L i( Jxf 2 . K „), see (3-7). 
The second term in the right hand side of (6.5) (6.6) is non negative. 


To compute the limit as m —> +oo of the third term in the right hand side of (6.5)—(6.6), 
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introduce a function <&h £ Cj?(R"; [0,1]) with the following properties: 


$h(£) = 1 for all £ € 9Cl, 

= 0 for all x £ such that B(x, h) C f2, 

IIV$h|| L00 ( n;R „) < 1/h. 



(6.7) 


= £■ 


= £■ 


Then, using equation (1.2) and integration by parts, except for the constant cr^ (—£:), the considered 
term becomes 

£ m v(t,£) grad u e (t,£) ■ v(£) d£df 

Ji Jon 

[ [ ^(t,£)^h(£) gradit e (f,£) • K£)d£df 
Ji Jan 

J J ( Au e (t,x ) <p(t,x) $;, ( x) + grad u e (t,x) • grad (<p(t,x) $ h (x))^ d.xdt 

= J J (d t u e + Div/ {t,x, u e (t, a;)) - F (t,x,u e (t, x))^J ip(t, x) §h{x) dxdt 

T £m f [ gra.du e (t,x) ■ grad (<p(t,x)$ h {x)) dxdt 
J i Jn 

= / u 0 (x) (/?(0, x) $h(z) da; — / / u e (t, x) d t (p(t, x) $ h (x) dx dt 
J n JiJn 

+ [ [ f{t,£,u e {t,£))ip(t,£)^ h {£)-v(£)d£dt 
JI JdU 

- f (t,x,u e (t,x)) ■ grad (<p{t,x) $h{x)) dxdt 
Ji Jn 

- F (t,x,u e (t,x)) ip(t,x)$ h (x)dxdt 

+ ei] j 

= / u o (x)ip(0,x)$ h (x)dx 

+ F (t,x, u e (t, x)) (p(t, x) — £ m grad u e (t, x) ■ grad (p(t, x < h/i(x) da: df (6.8) 

~ JJ n { f (*> *, « e (*,*)) - £ m grad u e (i, a;)) ■ grad <f> h (x) ip(t, x) da: df 

[ [ f(t,£,0)‘p(t,£)$ h (£)-i'(£)d£dt. 

Ji Jan 


+ 


Let m —> +oo: 


lim (6.8) 

m —>-+oo L '-' 
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= - 11 (uoo(t,x) d t p(t,x) + f (t,x,Uoo(t,x)) ■ grad tp(t,x) 

+ F (t,x, Uoo(t,x)) <p(t,x)^$h{x) da;dt 

- f (t,x,Uoo(t,x)) ■ grad$ h (x)tp(t,x)dxdt 
J i Jn 

+ [ u o (x)ip(0,x)$ h (x)dx + [ f f(t,£,0)ip(t,£) ■ i/(£)d£dt. 

Jn Ji Jan 

Now let h — >■ 0. Thanks to Lemma [A. 6 | and Lemma [A.4[ we obtain 

lim = J J Q (/(*> 0) - / (t^trUoofoO)) ¥>(*>£) ■ v(£)d£dt. 


(6.9) 


Hence 


rpLe])] = - J j ^-fc) (/(t,£,0) -/(i,£,tr ««,(*,£))) <p(£,0 ■ KOd^dt. (6.10) 


Therefore, in the limit m —> +oo, we obtain that the equality (6.51 ( 6.61 implies the inequality 

/ / &ri(uoo(t, x) - k) d t tp(t, x)dxdt 
J i J n 

+ J J cr'^Uoofax)-k) (/ (t,x,Uoo(t,x)) - f(t,x,k)j ■ gradnp(t,x)dxdt 
+ J J <j”(uoo(t,x) - k) (7 (t,x,Uoo(t,x)) - f(t,x, k)^j ■ grad Moo (t, x) <p(t,x) da^dt 
+ /J a'^Uoofax) — k) ( F (t, x, u^t, x)) — div f(t, x, k)j ip(t, x) dxdt 
+ [ <J v (u 0 (x)-k ) ip(0, x) dx 

Jn 

~ f f <r'r,{-k)(f{t,Z,0)-f{t,€,k))ip(t,£)-v(£)d£dt 

Ji Jan 

> JjJ (/(^^°) ~ / (i.&truoo(*,£))) V>{t,0 ■ v(O d £ dt ■ 

Let now r/ —> 0. Thanks to [U Lemma 2], to the choice (5.2) of a v and of its derivative, we get 
/ / luooftjx) — k\dt<^(t,x)dxdt 

+1 \sgn («_«,,) - t) (/ „„(«.,)) - /(*.,.»)) . grad v(i ,„ d,* 

+ J J sgn (uoo(t,x) — k) (f (t,x,Uoo(t,x)) - div f(t,x, k)j <p(t,x)dxdt 

+ [ \u 0 (x) — k\ <p(0, x) dx 
Jn 

sgn(-fc) (/ (t^^ruooit,^)) - f(t,£,kj) tp(t,£) -v(C) d£ df 


/ Jan 


> 0 , 


that is (2.1) in the case Ub = 0. Hence Uoo is a solution to (U.lfo in the sense of Definition 2.1 


As a consequence of (3.3) in Lemma 3.2 Uoo satisfies the L°° estimate 

= C1 * + — (e Cl * - 1) 


|Uoo|lL°°([0,t]xf2;R) — H u o|lL“(n ; R) e “ 


Cl 
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where ci, C 2 are defined in (5.1). Thanks to the lower semicontinuity in L 1 of the total variation, 
see IH Remark 3.5], the bound ( |3.5[ ) in Lemma [373] gives 

TV ( Uoo(t )) < liminf TV (u s (t)) < liminf C £ (t) = C(t) 

V 7 £—^0 V 7 £—>-0 


with C £ (t) and C(t) as defined in (3.7) and (4.2). 
From (3.6) in Lemma 3.3 we have for t, s £ I 


>(t)-«oo(s)|| L1(niR) = lim||u £ (t)-w £ (s)|| L i (n ; 

< lim £ c (max{l, s}) \t — s 
£—>■0 

= £(max{l, s}) \t — s|, 


concluding the proof. 

The following Lemma will be of use in the proof of Theorem |4.2 


Lemma 6 . 1 . Let k £ N with k > 2, 12 satisfy (flk, a ) and fix ip £ C fc, “(/ x 312; 
elliptic problem 

j Az(t,x) = 0 (t,x)£lxQ 
\ z(t, C) = ip(t, £) (t, £) £ I X dCl 

admits a unique solution z £ C fc-Q (/ x 12; R). Moreover, 


□ 

Then, the 
( 6 . 11 ) 



l Z L“([0,t]xf!;E) 

< 

M L“([0,i]xdQ;R) > 

( 6 . 12 ) 


||gradz|| Loo ^ [ 0 )t]x Q ;H „ ) 

< 

C 2 .«([0,t]x9f!;l) > 

(6.13) 

(k > 3) 

\\®tZ L°°([0,i]xfi;R) 

< 

\\9t1p lL“([0,t]x9n;R) ! 

(6.14) 

{k > 3) 

l\DZ W l,oo([O it ] x Q. K ) 

< 

^(1) C 3 .“(dfi;R) ’ 

(6.15) 


Proof. We verify that the assumptions of [5J Chapter 3, § 8 , Theorem 20], in the case p = k + 2, 
hold. With reference to the notation of [9] Chapter 3, § 8 , Theorem 20], for any t £ I and for 
1 = 0 ,...,/:, consider the problem 


Lzift) = f in 12 
Zi(t) = d\ip(t) in 312 


where 


L = A is an elliptic operator, 
/ = 0 is of class C fe - 2 ’“, 

312 is of class C k ’ a , 
d\ip(t) is of class C k ’ a in x. 


(6.16) 


Therefore, for any t £ I, (6.11) admits a solution Zi(t) £ C fc,a (12;K). 

Thanks to the form of L in (6.16) and to the continuity of d\ip, [SJ Chapter 2, § 7, Theorem 20] 
can be applied, ensuring the uniqueness of the solution to (6.11). 

Concerning the regularity in t, remark that d\ip is of class C fc_1 ’“ in t. Hence, for 1 = 0,...,/:, 
by the Maximum Principle [5} Chapter 2, § 7, Theorem 19] for any x £ 12, t £ /, h sufficiently 
small such that t + h £ /, considering separately the cases i < k and i = k, 


i < k : 


Zi(t + h, x) - Zi(t,x) 


- Zi+i(t,x) 


< sup 
<sup ?6an 


d l t ip(t + h, f) - d\ip(t , £) 


-3r>M) 


di +1 ip(t + #h,z)-di +1 ip(t,t) 


<J 

sup ?ean 

dl +2 if 

1 

Ch a 



i = k : 


\z k {t + h,x) - z k (t,x)\< sup d£ip(t + h,£) - d k ip(t,C) 

fedfi 


h i + l<k, 

< Ch° 


i + l = k, 
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where C is the Holder constant of d k ip. Hence, 2 = zq is of class C k ’ a in both t and x. 

Concerning the bounds on z and on its derivatives, note that (6.12) immediately follow from the 
Maximum Principle 13 Formula (7.5)]. The same result applies also to d t z = A d t z, yielding ( |6.14[ ), 
whenever k > 3. The Boundary Schauder Estimate J5J Chapter 3, p. 86 ] provides the bound for 
gradz, grad 2 z, grad d t z and d'f t z, proving (6.131 and (6.15). □ 

We recall the following result from BE to be used in the proof below. 

Lemma 6.2 ( p^l Lemma 2]). Fix positive r and choose p £ [0,min{r, T}}. Let w £ L 00 (/ x 
H(0,r);M). For h £ ]0, p[, define 


A 1 = |( ( ,x,,r )e (/xK») 2 : nJl^j 

Then, lim [ \ w(t, X) — w(s, Y) | df dX ds dT = 0. 

h^o+ h 1+1v J Ah 


(t + s )/2 £ [p,T — p], 
\X + Y\\/2€[0,r-p) 


Proof of Theorem 4.2 Define z as the solution to (6.11) with if{t,f) = Ub(t ,£). Lemma 6.1 


applies, ensuring the existence and uniqueness of a solution z of class C 3, “. Note that z(0, a:) = 0 
for all x £ f2. For all k £ K. and for all (p £ C 2 (] — 00 , T[ x K ra ;K + ) the following equality holds 


(6.17) 


1 Jn 


+ 


z(s, y) - k d s <p(s , y) + sgn (z(s, y) - kj d 3 z(s , y) <p(s, y) ) d y ds 
<£(0 ,y) dy = 0. 


We now apply Proposition 4.1 to the problem 

'3 t v + DW s ltxv)= a (tx,v ) 3 (t,z,v)=f(t,z,v + z(t,z)), 

u(0, x) = u 0 (x) x£Sl where . . 

«(*,£) = 0 (i,£)e/x0n G(t,x,v)=F(t,x,v + z(t,x))-d tZ (t,x). 


(6.18) 


To this aim, we verify the necessary assumptions. Clearly, ($ 42 , 6 ) holds. By assumption, u 0 £ 
C 2 ,, 5 (f2;K) and u a (£) = 0 for all £ LI. By construction, the boundary data along I x dLl is zero. 
To verify that also (f) and (F) hold for g and G, simply use the assumptions on /, F and apply 
Lemma [FTT) Call v the solution to ( 6.18| ) as constructed in Proposition 4.1 By Definition 2.1 for 
all k £ R. and for all ip £ C 2 (]— 00 , T[ x M’ 


0 < 


iJ n L 
sgn 


v(t, x) — k d t <p(t, x) 

v(t,x) — k g (t, x, v(t, x)) — g(t, x, k) -grad ip(t,x) 


sgn 


)(t,x) — k G (t, x, v(t, x)) — div g(t, x, k) <p(t,x) 


dx df 


u 0 (x) — k ip(0 , x) dx 

sgn(-fc) \g (i, £, tr v(t, £)) - g(t, £, k) 1 • z/(£) <p(t, £) d£ dt 
I J dCl L 

v(t , x) — k dt<p(t, x) 


iJ n L 
sgn 

sgn 


(6.19) 


v(t, x) — k 
v(t, x) — k 


■ grad <p{t, x) 


f (t, X , v(t, x) + z(t , x)) - / (t,x,k + z(t , xfj 
F (t, x, v(t, x) + z(t, x)) — d t z(t , x) — div / (t, x, k + z(t , x)j 
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X ip(t, x) 


dx d t 


+ 


u 0 (x) — k ip( 0, a;) dx 


sgn (-k) 


i Jon 


f (t, £, tr v{t, 0 + z(t, £)) - f(t,£,k + z(t, 0) 


• d £ dt - 
We now verify that the map 


( 6 . 20 ) 


u(t, x) = v(t, x) + z(t, X ) 

is a solution to <0> in the sense of Definition |2.1| To this aim, we suitably modify the doubling of 
variables technique by Kruzkov, see [T5]. Let k = k — v(t,x) in (6.171 and k = k — z{s,y) in (6.19)- 
(6.20) for k GR. Integrate (6.17) with respect to t and x over I x SI, integrate (6.19) (6.20) in s 
and y over I x SI. Add the resulting expressions, with as test function the map iph = iph(t, x, s, y) 
defined by 

ft + s \ 

ip h (t,x,s,y) = ipl -^’ x ) Y h(t - s ) \\ Y h{xi - yi), (6.21) 



and Yh defined as follows. Let Y G C(”(R;K + ) be such that 


Y{-z)=Y(z) 

Y(z) = 0 for \z\ > 1 (6.22) 

/ R T(z) dz = l. 



and define Y h (z) = \ Y (f). Obviously, Y h G C“(R;R + ), Y h (-z) = Y h {z ), Y h (z) = 0 for \z\ > h , 
f R Yh(z) dz = 1 and Yh —» So as h — >■ 0, where <5o is the Dirac delta in 0. 

We temporarily require also that 

h G ]0, h*[ and <p(t, x) = 0 for all x such that B(x, h*) D (K” \ SI) ^ 0 (6.23) 

for a fixed positive h *. We therefore obtain: 


0 < 


| v(t, x) + z(s, y) - k | ( dfiphit , x, s, y) + d s ijj h (t, x, s, y)) 

11 J n JiJn L 

+ sgn [v(t, x) + z(s, y) - k] 

x / (t,x,u(t,x)) - f (t,x,z(t,x) - z(s,y) + k) ■ grad x if> h (t,x,s,y) 

+ sgn [v(t, x) + z(s, y) - k] ( d s z(s , y) - d t z(t , x)) ip h (t, x, s, y) 

- sgn [v(t,x) + z(s,y) - k) div / (t, x, z(t, x) - z(s,y) + k ) ip h (t,x,s,y ) 

+ sgn [v(t, x) + z(s, y)-k]F (t , x, u(t , x)) x, s , y) 


/ / / \u 0 (x) + z(s,y) - k\i/;h{0,x, s,y)dxdyds 
JiJnJn 

/ / / \v{t,x) - k\ip h (t,x,d,y)dxdydt . 

JI Jo, Jet 


dx df dy ds 


(6.24) 

(6.25) 

(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.30) 

(6.31) 


To compute the limit as h —> 0, consider the terms above separately. First, proceeding as in na 
Formulae (3.5)-(3.7)], thanks to (6.21), we have 


lim (6.24) = / / \u(t,x) — k\dtip(t,x) dxdt. 
h ^o - Jj J n 


(6.32) 
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To deal with (6.25) (6.26) we simplify the notation by introducing the map 


T (t, x, s, y) = sgn [v(t, x ) + z(s, y) - k] f (i, x, u(t, x)) - f (t, x, z(t, x) - z{s,y) + k ) 
so that 

T(t,x,s,y) ■ gra,d x -i/j h (t,x,s,y) 

n 

= T{t,x,t,x) ■ grad ip{t,x) Y h (t - s) Y h (xj - yj) 

3 =1 

+ Y(t,x,t,x) • ^grad</5 - grad ip(t, Y h (t - s) Y h (xj - y,) 

+ (T (t,x,s,y) Y(t,x,t,x)) ■ grad99 f ,x\Y h (t s ) -Vi) 

V / j =1 

+ Y h {t - s)Y{ l {x i - yi) J\Y h {xj - yj) 


+ X! [Tj(t,a;,s,y) - T i(t,x,t,x 


i=1 


t + S 



(6.33) 


(6.34) 

Y h ( x j — yj ) 

(6.35) 

h(xj-yj ) 

(6.36) 

■yj) 

(6.37) 

Vi) Yl Y h{xj -yj). 

(6.38) 




Then, 


I I I I [ (|6.34|)] dydsdxdt = / / T(t, x, t, x) ■ grad tp(t, x) d.T dt . 
J1J n J1J n J1J o 


To deal with (6.35), recall that \Y h \ < (F(0)//i) h ^ and apply Lemma 


6.2 


with 


N = 2n+1, y = (x’^y)’ w(s,Y) = V ^ +1 Y(t,x,t,x) • grady 


so that 


lim 

h ^°Ji Jn Ji Jn 


(6.35) di/dsdxdt = 0. 


Similarly, to deal with (6.36), apply Lemma 6.2 with 

N = 2n + l, 
so that 


w(, Y) - Y( ° r+ * T( , , 

Y = (x,t,y ), j /in+i Mt,x,s,r/j, 


X = (a;, t, x), 


lim J J J J | [(6.36)] | dydsdxdt = 0 . 


The term (6.37) vanishes, since 


fff [ [(|6.37|] dy ds da; dt = [ ■■■ [ Y^Xi - y t ) dyi ■ ■ ■ dxdt = 0 . 
JiJnJiJ o J Jxi-h 


Finally, to estimate (6.38), recall that \Y!\ < ( F' 


y r , and use Lemma 
[— h,h\ 


6.2 


with 


TV = 2n + 1, * {xXx) w ( aY ) = 

\ =(x,t,y), 


Y (°)" P 1Il°°(R;R) IMIl~(/xR» ; : 


h n + 2 


T (t,x,s,y), 
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so that, thanks to 2n + 1 > n + 2, 


lim 
h —>-0 


IJQJlJQ 


(6.381 dydsdxdf = 0. 


Hence 


lim (6.25) x (6.26) 

o L1 - - 


lim / / / / T(f,x, s,y) ■ grad x i/j h (t,x, s,y)dydsdxdt 
h ^° Ji Jn Ji Jn 

/ / Y(f, x, t, x) ■ grad ip(t, x) dec dt 

Ji Jn 

L In Sgn ^ ~ k ^ ^ x , u(t, ec)) — f(t , x , k)^j ■ grad tp(t, x) dec dt . 


Note that setting 


X=x Y(0) n+1 

N = n, y and w(s,y) = fen+1 |MIl~(j x r» ; r) d s z(s, y) 


in Lemma 6.2 we obtain 


lim |~( |6.27D l = lim J J J J \d t z(t,x) - d s z{s,y)\ip h (t,x,s,y)dydsdxdt = 0. 


Omitting now the integrals in (6.28), we have 


( |6.28[ )] = - sgn [v(t, x) + z(s, y) - k] div / (t, x, z{t, x) - z(s , y) + k ) ip h (t, x , s, y) 

= - sgn [u(t, x) - k] div f(t,x,k) <p(t,x)Y h (t - s)Y\_Yh(xi ~ yi) 

f t + s 


— sgn [u(t, x) — k ] div /(f, x , k) 




\ 2 


,x - ^(M) 


- s)l[Y h ( 3 


— sgn [u(t, x) — k\ ^div / ( t , x, z(f, x) — z(s, y) + fc) — div / (f, x, 

xy> “ S )II Y h ( x i - Vi) 

- ^sgn [• u(t , x) + z(s, y) - z(t, x) - fc] - sgn [u(t, x) - ft] ) 

x div / (t,x,z(t,x) - z(s,y ) + ft) v? Y h (t - «) JJ^/i(x* - y*) 

A repeated application of Lemma |6.2| together with standard estimates, yields 

lim [ (16.281)1 = — / / sgn \u(t, x) — k 1 div/(f, x,k) ip(t,x) dxdt . 

o 1 -' JiJn 


The term (6.29) is treated similarly, since 

( |6.29[ )] = sgn [v(t,x) +z{s,y) - k]F (t,x,u(t,x))ij} h (t,x,s,y) 

= sgn [u(t, x) - k] F ( t , x, u(t , x)) v?(f, x)l/(t - s) Y^x, - y*) 

t + s 


+ sgn [u(t, x) — ft] F (f, x, u(f, x)) 




x - ip(t,x) 


Yh(t~s)l[Y h ( 3 


+ ^sgn \u(t , x) + z(s, y) — z(t , x) — ft] — sgn [it(f, x) — ft] ^ F (f, x, u(f, x)) 


(6.39) 


- Vi) 


(6.40) 


: i - Vi) 
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x<p Yh ^ ~ *)II^ - y ^> > 

so that further applications of Lemma |6.2| lead to 

lim [ ( 6.291] =11 sgn \u(t, x) — A:] F (t, x, u(t, x)) <p(t,x)dxdt. 
h^-o - Ji Ja 


(6.41) 


To deal with (6.30) and (6.31), introduce the function 


T(x, s, y) = | u 0 (x) + z(s , y) — k\ + |x(s, x) — k\ 
and, exploiting the symmetry Y(x) = Y(—x), we obtain 

flop) + flol!) 

= / / / T(x,s,2/) s,y)dydxds 

JI Jo, 

= / l [ Y(x,0,x)(p(0,x)Y h (s)T\Y h (xi-yi)dydxds 
J i Jn Jn 

J Ji Ji Y ^ X,0,X ^ Yh ( s ) II Y h{x% ~ Vi) &y dx d.s 

J Ji J ^^ X,s,y ^ ~ Y ( x ’°’ x )) ^ (jz ,x ) Yh ^ 11^^* “ yi)dydxds 

< \ [ Y(x,0,x) ip{0,x)dx 
1 Jn 


+ 


+ 


+ 




/ Y(x, 0,x)dx / sY^^ds 
In Jo 


+ IMI 


L°°(RxI 


m J Ji Ji l T ( a; ’ s ^) “ T(x,0,x)|y h (s) WY h (xi - y z )dydxds. 


Both the two latter terms vanish in the limit h —y 0. Indeed, by Lemma 6.2 for a.e. s € [0, h], we 
have that f n f n |T(x, s,y) — T(x,0,x)| dydx —> 0. Hence, 


lim (6.30) + (6.311 = / |it 0 (x) — A;I 95 ( 0 , x) dx . 
h ^° - - Jn 


(6.42) 


We can now summarize the computations: thanks to (6.32), (6.39), (6.40), (6.41) and (6.42) 


in the limit h —> 0 (6.24) (6.31) becomes 


/ / | u(t, x) — k\ dt<p(t, x) dx dt 
Ji Jn 

J J sgn (u(t, x) - k) (/ (t, x, u(t, x)) — f(t, x, k)^j • grad <p(t, x) dx dt 

+ // sgn (w(t, x) — k) (^F (t, x,u(t, x)) — div f(t, x, k)^ <p(t, x) dxdt 

+ / |u 0 (x) — k\ (p(0,x) dx > 0, 
Jn 


which holds under the choice (6.23) of <p. To pass to an arbitrary test function as in Definition 2.1 
substitute <p(t,x) with (l — <J>h(x)j tp(t,x), where ip € Cj?(]— 00 , T] x R n ;R + ) and is as in (6.7): 


/ / |u(t, x) — k\ dt<p(t, x) (l — <fr/i(x)) dx dt 

Ji Jn 
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+ I Is Sgn ~ k ^ ( <J x 'fi^ x ’ k i) ' g rad ^(M) (l - < M0) dxdt 

+ JJ sgn (it(t, x) — fc) (.F (t,x,w(t, x)) — div/(t,x, fc)) ip(t, x) (l — $/, (x)) dxdt 

+ / |it D (x) - k | </s(0, x) (l - $/j(x)) dx 
Jn 

~ J J sgn (ti(t, x) - k ) (/ (t, x,u(t,x)) — f(t,x,k)J ■ grad$/,(x) ip(t,x)dxdt > 0. 

In the limit h —> 0, the first 4 lines above converge to the first 3 lines in the left hand side 
in (|2.1[) of Definition |2.1[ by the Dominated Convergence Theorem. Concerning the latter term, 


use Lemma A.6 and Lemma |A.4[ which can be applied since the function (u>i,W 2 ) —> sgn(w 1 — 
W 2 ) ( f(t, x, w\) — f(t, x, W 2 )) is Lipschitz continuous, see JT5J Lemma 3]. We therefore obtain that 

- lim J sgn (u(t, x) - k) (/ (t, x, u(t, x)) - f(t, x, jfe)) • grad $ h (®) (p(t, x) dx d t 

= - J J g s S n ( tr ~ k ) (/ (*> £> tr u (*> 0 ) - fit, 0 O) • KO ‘Pit, 0 dx dt 

= ~ J J Q sga(u b (t,^)-k) (/(t,0tru(t,0) -/(t,00) ■ vi£)ip(t,€)dxdt 

~[ [ (sgn (tru(t,0 - k) - sgn(u b (t,0 - k)) 

J1 Jan K J 

x (/ (t, 0 tr u(t, 0) - fit, 0 O) • 00 ‘Pit, 0 dx dt 


< 


/ / (sgn (tru(t,0 - fc) - sgn (u 6 (t,f) — fc) ) , 

J1 Jan x ' 

where to get to the last line, we used the following fact: 

~ (sgn (trrt(f,£) - fc) - sgn (u 6 (f, £) - £;) 

J1 Jan v ' 

x (/ (t, 0 tr u(t, 0) - f{t, 0 fc)) ■ 00 <OC 0 dx dt 

= ~J i J g (sgn(trw(t,0+ 0*0) “ -sgn(^(t,0-fc)) 

x (/ (*, 0 tr x(t, 0 + z{t , O) - fit, 0 O) • 00 <0*, 0 dx dt 

= - J T J gn (^sgn(trx(t,0 - (fc- 2 (*> 0 )) -sgn(-(fc-z(t,0))^ 

x (3 (t, 0 tr v(t, 0) - 9 it,€,k- 0*0))) • 0£) <0*0)dxdt 


< 0 , 


since > 0 and by (2.2) in Proposition 2.3 applied to v as solution to (6.18) 

sgn (tr v{t, 0 - fc) - sgn (-&) ^ (3 (t, 0 tr x(t, 0 ) - 3 (*, 0 0 ) • 00 > 0 
for all A: £ K. and for a.e. (t, 0 £ / x <9ft. This completes the first part of the proof: the existence 


of a solution to (1.1) in the sense of Definition 2.1 


Consider now the L°° estimate. Recall (6.18), (5.1) and Proposition 4.1 so that 




















~HI Hl°° ([0,t] X Q;R) ( e l) + || 2 W IIl°°({};R) 

< M u (t). 

Using also Lemma |6.1[ we obtain 

MM = (lKII L „ (0i „ + IMI l . ( „,, 1j<m) ) e- + C2 + " a ‘" tll ^ (l °’ l| -‘ >M> (e« - 1), 

which proves the L°° estimate (4.4). 

To obtain the TV bound, we use Proposition |4.1| to estimate TV (v) and standard estimates 
on elliptic problems to bound TV (z). To this aim, we call Ai(g), for i = 1,... ,4, the quantities 
defined in (5.29), but with norms of g and G over [0, t] x!lx V(i), where V(t) = [— A4 v (t), M v (t)], 
with M v [t) being an upper bound for |MIl=°([o tixn-R) as (3-4). Clearly, V(t) C U(t) = 
[— M u (t),M u (t)\. By (5.29), and Lemma 6.1 we have: 


Ma) < o{ l) 


< o{i) 


l|div/|| L oo([ 0 ,t] X nxW(t) ; R«) + ll^ 1 |lL“([0,t]xOxW(t);R) 

+ ll^u/llL o °([o,t]xn x w(t); R n ) ||gradz|| LOO([MxQ;Rn) + ll^t~|lL“([o,t]xn ; i 
\\Df IIl 00 ([0,i] X x ( 2 + n )) + II*1I L “([0,t]xf!xU(t);l) 

+ (l + l|-^ > /llL=°([0,i]xfixW(i);R nx ( 2 +™>)) W Ub \\ C 2 >“([0,t] xdfi;I 


—: A\ 


^2(3) < 0(1) H-D/llw 1 x=([0,i]xnxW(t);R”X(2+n)) + 11*11 W 1 '“([0,t]xOxM(t);E) 

1 + ll^/llw 1 .=°([0,t]xnxW(t);R"X(2+n) + R*1[ W 1 “([0,t]xnxW(t);R) Jll-C ,2: llw l .oc,([o, t ] x n;i 


d 2 f 

^UUJ 


\\Dz\\ wi.°°([o,t]xn ; : 


L°° ([0,£] X f2 xU{t) ;R n ) 

< 0(1) ||U ) /|| W l,«.([ 0it ] x Q x ^( t ) ;R nx (2 +n)) + 11*11 W!'C=°([o,t xfixU(i);R) 

1 +\\Df\\ W 1 '“([0,t]xnx«(t);R" x ( 2 +“) + R*1I w 1 . 00 )^ ,t]xnxu(t)-. 


d 2 f 

^UUJ 


L°°([0 ,t]xQxU(t);R n ) 

^ 3 ( 3 ) < F>(1) + ll^i»/ll L «>([o,t] X fi X W(t); R n ) 


w f>llc 3 >“([o,t]xan ; i 


H u b|lc3.“([0,t]x0n;IE 
=: A'j 

=: A-i 


AM) < 0{ 1) 


< o{i) 


1 + \\Df\\ W 1 >o°([o,t] X nxW(t);R" x ' 1 ) + H | 5“^ 1 |lL”([0,t]xf2xW(t);R) 


d 2 f 

^uuJ 


L°° ([0 


i,t]xn) + Hg rad ^llL-([o,t]xn)) 


L“([0,t]xnxW(t); Rrl ) 

1 + \\Df\\ W 1 .”([ 0 ,t]xr!xM(t);l"> ! “) + ll^u*1ll/»([0,t]xnxW(t);]R) 
d 2 f 

^uuJ 


L oo ([0,t]xOxW(t);R ri ) 


l M f'llc 2 .“([o,dxan;i 


—: A 4 


which proves the bound 


TV (v(t)) < (A!+A 2 t + A 3 TV (u 0 )) e 


Ait 


(6.43) 

Recall now that TV (u) < TV (u)+TV ( z) and, by Lemma 6.1 TV (z) < U n (n)||ub|| C 2, a ([ 0 t ] x on-R)- 
The proof is completed. □ 
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4.3 


Assume preliminarily that u 0 £ C 2 (fl;R) and Ub £ C 2 (I x <9fl;R). 


Proof of Theorem 

Let Lp £ C 2 (] —oo,T[ x R n ;R + ) be a test function as in Definition 2.1 with 

<p(0, x) = 0 for all x £ R", 

<p(t,£) = 0 for all (t, £) £ I X dCl. 


Define 


i/j h (t,x,s,y) = ip 


t + s x + y 
2 ’ 2 


Y h (t-s) J\Y h (xi - yi) 


(6.44) 


(6.45) 


where Y), is defined in (6.22). We now use the doubling of variables method, see Em In inequal¬ 
ity (2.1), set k = v(s, y ) and use as test function the map tph = iphit, x, s, y) for a fixed point (s, y) 
and integrate over Ix!l with respect to (s, y ): 

J j jf jj\\ u (t,x) - v(s,y)\d t iph{t,x,s,y) 

+ sgn (u(t, x) - v{s, y)) f (:t , x, u(t, x)) - / (i, x, x(s, y)) • grad,, if h (t, x, s, y) 

+ sgn (it(f, x) -v(s,y)) F (t,x,u(t,x)) - div / (t, x, v(s, y)) x, s, y) j dx dtdy ds 

+ / / / '0^(0,x, s,y) |u D (x) - x(s,y)| dxdyds > 0. 

J I JCI J Cl 

In the same way, starting from the inequality (2.1) for the function v = v(s,y ), set k = u(t,x), 
consider the same test function iph = iph(t,x, s,y) and integrate over / x D with respect to (f, x): 

/ / / / 1 - u{t,x)\d s i/j h (t,x,s,y) 

JI JCI JI J Cl L 

+ sgn (y(s, y) -u(t,x)) f (s, y, v{s, y)) - f (s,y,u(t,x)) -grad y ip h (t,x, s,y) 

+ sgn (v(s, y) - u(t,x )) F (s, y, v(s, y)) - div / (s, y, u(t, x)) ip h (t,x,s,y)} dydsdxdt 

+ / / / iph{t,x,0,y) \v a (y) - u(t,x)\dydxdt > 0 . 

J i Jn J n 


11JQ JQ 

Summing the last two inequalities above, we obtain: 


0 <[[ I [\\u(t,x)-v(s,y)\(d t ip h (t,x,s,y) + d s if h (t,x,s,y)) (6.46) 

JI J Cl JI J Cl ^ 

+ sgn (u(t, x) - v(s, y)) f (:t , x, u(t, x)) - / (t, x, v(s, y)) • grad,, ip h (t , x, s, y) 

+ sgn (v(s, y) - w(f, x)) / (s, y, x(s, y)) - / (s, y, w(f, x)) • grad y ip h (t, x, s, y) 

+ sgn (u(t, x) - x(s, y)) F (f, x, u(f, x)) - F (s, y, x(s, y)) 

+ div/ (s,y,u(t,x)) - div/(t,x,u(s,y)) V’/i(i> 2 bS,J/)}dxdidyds (6.47) 

+ / / / ifh{0,x,s,y) \u a (x) — x(s,y)| dxdyds 
JI Jci Jci 


/ / / ifh{t,x,Q,y)\v 0 (y) - u(t,x)\ dydxdt. 
J/ 


(6.48) 

(6.49) 


We follow the proof of [ISJ Theorem 1]. As h —> 0, the first integral in the 5 lines (6.46) • • • (6.471 
can be treated exactly as in m , leading to the following analog of |Tol Formula (3.12)]: 


lim (6.46) ■••(6.47) 

h —^ 0 -|- 
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= J J {\u(t,x) - v(t,x)\ d t (fi(t,x) 

+ sgn (u(t,x) — v(t,x)) f (t,x,u(t,x)) — f (t,x,v(t,x)) -grad <p(t,x) (6.50) 

+ sgn (u(t, x) — v(t, x)) F (t, x, u(t, x)) — F (t, x, v(t, x)) tp(t,x ) | dx dt,. 

To compute the second integral ( 6.48[ ), observe preliminarily that 

\u a (x) - v(s,y)\ < \u 0 (x)-v(s,y)\-\u 0 (x)-v(s,x)\ 

+ | u 0 {x) - w(s,x)| - | u 0 (x) - x(0+,x)| 

+ | u 0 (x) - x(0+,x)| 

< |i>(s,y) - x(s,x)| + |u(s,x) - x(0+,x)| + I u a (x) - x(0+,x)| . 


Hence: 


rt6.48h] < [ [ [ i> h {0,x,s,y)\v(s,y) - v{s,x)\dxdyds (6.51) 

J i J n J n 

+ iph{0,x,s,y)\v(s,x) - v(0+,x)\dxdyds (6.52) 

J i Jn J n 

+ ^(0,2, s,y)|u 0 (x) - x(0+,x)| dxdyds . (6.53) 

Ji Jn Jn 

Compute the limit as h 0+ of the three lines separately. First, apply Lemma [7172] in the case of 
a function w depending only on the space variable to obtain 

lim[j&5l)] = lim f [ [ MO,x,s,y)\v(s,y)-v(s,x)\dxdyds = 0. 

+JiJnJn 

Second, by Lemma p\~2| 

lim [(6.52)]= / / ( lim / ^(0, x, s, y) |u(s, x) — x(0+, x)| ds ) dx dy = 0 . 

h ^o+ - J n J n \h^o+ Jj J 

Third, by the choice of the function Y), and (6.44) 

lim [(6.53)1= / </?(0, x)|tt 0 (x) — x(0+, x)| dx = 0 , 

^->o+ - Jn 

proving that lim/j_>.o+ (6.48) = 0. The term (6.49) is treated exactly in the same way. Hence, 


lim (6.46) • • • (6.49) 

h —^ 0 -|- 


(6.50) 


so that 


0< J J j|u(t,x) - v(t,x)\ d t ip(t,x) 

+ sgn (u(t, x) — v(t,x)) f (t, x, u(t, x)) — / (t,x, v(t, x)) • grad (p(t, x) (6.54) 
+ sgn (u(t, x) — v(t, x)) F (t, x, u(t, x)) — F (t, x, v(t, x)) tp(t,x ) | dx d<. 


For h, > 0, recall the function § h G C^(K n ; [0,1]) defined in (6.7). Let 'L G C^(]0,T[;K + ) with 
'F(O) = 0. Note that for any h > 0 sufficiently small, the map 

<Ph(t, x) = ’F(i) (l - $/i(x)) for (f,x) G ]-oo,T[ x K” 
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satisfies (6.44). Introduce this test function in (6.54| and pass to the limit h —> 0 to obtain: 


0 < 


u(t, x ) — v(t, x) | 

sgn (u(t,x) — v(t,x)) F (i, x, u(t, x)) — F (t, x, u(t, x)) 4/(t)|dxdt 


(6.55) 


i Jon 


sgn (tr u(t, £) - tr v(t, £)) / (/ £, tr u(t, Q) - f (t,£, tr u(t, £)) ■ u(£)^ (t) d£ d t , 


where we used Lemma A.6 and Lemma A.4 which can be applied since the function (u, v ) 
sgn(u — v) ( f(t,x,u ) — f(t,x,v)) is Lipschitz continuous, see [15j Lemma 3]. 


To ease readability, we now omit the dependence on (f, £) of /, tru, tru,Mb,Ub,u. Apply (2.2) 
to u choosing k = tr v and to u choosing k = tr it: 


— sgn (tr u — tr v) [/ (tr u) — f (tr v)] • u < — sgn ( Ub — tr v ) [/ (tr u) — f (tr n)] • v, 

— sgn (tr u — tr v) [/ (tr u) — f (tr n)] • v < — sgn [vb — tr u) [f (tr v) — f (tr uj\ ■ v . 


Hence, 


— sgn (tr u — tr v) [/ (tr u) — f (tr u)] • v 
< ^ [sgn (v b - tr u) - sgn (u b - tr i;)] [/ (tr u) - f (tr v)] ■ v . 


(6.56) 


The second line in (6.56[) attains the following values: 



u b — tr v > 0 

u b — tr v = 0 

Ub — tr u < 0 

Vb — tr u > 0 

0 

5 (/(tru) - /(tru)) • v 

(/(tru) - /(tru)) • v 

Ub — tr u = 0 

I (/(tru) - /(tru)) • v 

0 

i (/(tru) - /(tru)) • v 

Ub — tr u < 0 

(/(tru) - /(tru)) • v 

\ (/(tru) - /(tru)) • v 

0 


Clearly, we can reduce our study to two cases highlighted in the table above. Applying (2.3) to u 
with k = Ub and to v with k = Vb leads to 


sgn (tr u - u b ) [f (tr u) - f (u b )] -v> 0 , (6.57) 

sgn (tr v - v b ) [f (tri>) - f (v b )] ■ v > 0 . (6.58) 

Let J = J(t,£) = jfc € M: ( u b (t ,£) — k ) (k — v b (t,£)) > o|. Focus on each case separately. 

Case I: u b — tr v < 0 and v b — tr u > 0. 


1. If u b < tr v < tru < v b or u b < trw < tr v < v bl then 

(/(tru) — f(trv)) ■ v < sup ||/(s) - /(r)||, 
s,rGJ 


where ||-|| represents the Euclidean norm in R n . 

2. If tr rt < w;, < rib < trn or tr m < rib < Wb < tru, then 


by ( |6.57P /(tru) • v < f(u b ) ■ u, 
Hence we have 


by (6.581 => /(tru) • v > f(v b ) ■ v. 


(/(tru) - /(tru)) • v < ( f{u b ) - f(v b )) - v< sup || f(s) - /(r)j|. 

s,r€J 
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3. If Ub < tru < Vb < tr u, by (6.58) /(tru) • v > f(v b ) • v, and using the fact that 
tr u £ [ Ub , Ub], we get 

(/(tru) - /(tru)) • v < (/(tru) - f(v b )) • v < sup ||/(s) - f(r)\\. 

s,r£j 


4. If tru, < u b < tru < v b , by (6.57) /(tru) • v < /(ub) • J', and using the fact that 
tru £ [rtb,Ub], we obtain 

(/(tru) - /(tru)) • ^ < (/(ub) - /(tru)) • ^ < sup ||/(s) - /(r)||. 

s,rGJ 

Case II: u b — tr u > 0 and — tr v < 0. 

1. If Ub < tru < tru < Ub or Ub < tru < tru < Ub, then 

(/(tru) - /(tru)) • i/ < sup ||/(s) - /(r)||. 

s,rGJ 

2. If tru < Ub < Ub < tru or tru < Ub < Ub < tru, then 


by ( |6.57P => /(tru) • ^ > /(u 6 ) • 
Hence we have 


by (6.581 /(tru) • v < /(u b ) • 


(/(tru) - /(tru)) • i/ < (/(ub) - /(ub)) ■ ^ < sup ||/(s) - f(r)\\. 

s,r£J 


3. If Ub < tru < Ub < tru, by (6.57) /(tru) • > /(ub) • ^ and using the fact that 

tru £ [ub,Ub], we get 

(/(tru) - /(tru)) • ^ < (/(tru) - /(u fc )) • v < sup ||/(s) - f(r)\\. 

s,rGJ 


4. If tru < Ub < trzi < Ub, by (6.58) /(tru) • ^ < /(ub) • i', and using the fact that 
tru £ [ub,Ub], we obtain 

(/(tru) - /(tru)) • z/ < (/(u b ) - /(tru)) • i/ < sup ||/(s) - f(r)\\. 

s,r£j 


Hence, (6.56) can be estimated as follows: 


- sgn (tr u(t,£) - tr u(i,£)) / (i,£,tru(t,£)) - / (t,{,trv(t,£)) ■ i/{£) 

< \ sgn (ub(t, 0 “tr u(t,0)-sgn (u 6 (t,0-tru(t,C)) 

x / (t,£,tru(f,£)) — / (t,£, tru(t,£)) ■ v(0 

< sup ||/(t,£,s)-/(*,£, r)|[ 

s,reJ(t,£) 

< R/IIl |«b(i,0 - fb(t,0|- 


Since 4' assumes only positive values, we can estimate (6.55) by 
0 < [([67551) < 


u(t,x) - v(t,x )| ’f'(t) + R-F|| L == (E;R) |u(i,a;) - u(i, a:)|^(t)| da; di 

+ II 5 «/IIl»(s ; h") / / -Ub(t,£)| '&(t)d£dt. 

JlJdQ 


(6.59) 


30 



















Introduce r, t such that 0 < t < t < T. Note that the map s —> d’h(s) defined by 


^h{s) = a h (s t h) a h (s - t- h), 
where a h (z) = / Y h (()d( 

J —OO 


and Y h as in (6.22), 

0 

r r + 2/i t + /a 



r+h t t+2h 


satisfies (6.441. Hence, we substitute 4'/, for 4^ in (6.59). Observe that 4^/, —► ^ and 4^ —► S T —S t 

as h tends to 0. At the limit we obtain 

0< / \u(t, x) — v{t, x) | da; — / \u(t, x) — v(t, x)\dx 

Jn J n 

+ ll^ll L -(E;R) j y - v(s,a;)|d:rds 

+ II^«/IIl»(E;R") / / M s >£)-'Cb(s,C)|dCds . 

JtJoq 

A Gronwall type argument yields 

/ | u(t, x) — v(t, x) | da; 

Jn 

r - > / |u(r, a:) — u(r, a;) | da; 
an 


< e 


l|3„F|| 


L°° (£;R) 


;Rl(*— r ) 


\\duf\\ 


L“(S;I") 


[ e ( 4 r s ) II3u-F|| L oo ( e . r) f |u b (s,^) — d^ds . 

J t a 9 n 


(6.60) 


In the limit r —> 0 for a.e. r, an application of Proposition |2.2| completes the proof when u 0 £ 
C 2 (f2;R) and Ub £ C 2 (Ixdfl;R). The general case now follows by a straightforward regularization 
argument. □ 


7 Proofs Related to Section 


Proof of Proposition 


2.2 


Let M — max{||'u|| LOO ( 7xn . R ), ||wo|| L oo( n . R ), H u b|lL'»(/x 3 n;R')}- We 


first prove that choosing k £ ]—oo, — M[ fl ]M, +oo[, the terms containing k in the left hand side 
in (2.1) vanish. Indeed, assuming k < — M, observe that 


| u(t, x) — k | = u(t, x) — k sgn (u(t, x) — fc) = 1 
|u Q (a;) — fc| = u 0 (x) — k sgn (ub{t, £) — k) = 1. 

Therefore, the terms containing k in the left hand side in are: 

/ / (—hd t tp(t, x) — f(t,x,k) ■ \7tp(t,x) — div f(t,x,k) ip(t,x)) dxdt 

Ji Jn 

- [ kip(0,x)dx+ [ [ f{t,£,k) • v(€,)tp(t,£)d£dt 
Jn JiJon 

= [ I -div(f(t,x,k)ip(t,x))dxdt+ [ [ f(t,£,k)-v{£)<p(t,(,)d£dt 
Ji Jn JiJon 

= 0 . 


(7.1) 
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The inequality (2.1) now reads 


0< J J |u(t, x) dtip{t, x) + f(t, x, u) ■ Vip(t, x) + F(t, x, u) ip(t, x) | dxdt 

+ [ ¥>(0, x) u 0 {x) dx — [ I f (t,£,(tru)(t,£)) ■ d£dt 

Jn JiJan 

= J J |u(f, x) dt<p(t, x) + /(f, x, u) ■ x) + F(t, x, u) tp(t, x)j’ dx dt 

+ [ <p(0,x)u o (x)dx - I [ trf (t,Z,u(t,Q) ■ v(£)<fi(t,€) d^dt 
Jn JiJan 

= J J ^u(t,x) dtip(t,x) — tp(t,x) div f(t,x,u) + F(t,x,u) dx dt 

+ / ip(0,x)u o (x)dx, 

Jn 

where we apply Lemma A.4 and the Divergence Theorem. Choose <pk £ C^(] — oo, T[xR"; K + ) as 

< Pk{t,x ) = ’d k (t)'ip(x), 
where £ C^([0,T[; [0,1]) is such that 


MO) = 1, 

■dfe(t) = 0 for all t > l/\k\, 

s up m |K|| c ° < +00, 



while ip £ C^(K";K + ). Hence, 

0< J J ^u(t,x) , d l k (t)'ip(x) + (^F(t,x,u) — div f(t,x,u)) ‘dk{t)ip(x)^j dxdt 

+ / ip(x) u 0 (x) dx. 

Jn 

Pass now to the limit for k —► —oo. Observe that, by the Dominated Convergence Theorem, 


lim / / (F(t, x, u) — div fit, x, u)) i9k(t) ip(x) dx dt = 0. 
fc^+oo J, J n 

Thanks to Lemma A.5 and to the Dominated Convergence Theorem we also have 

lim / / u(t,x)‘d' k (t)ip(x)dxdt = — / u(0+, x) ip{x) dx. 
k-++ooJjJ n J n 


Then, in the case k < —M, (2.1) reduces to 


0< / ip(x) u 0 {x) dx — / u(0+,x) ip(x) dx. 

Jo, J q 


If k > M the signs in (7.1) are opposite and analogous computations show that (2.11 reduces to 

0> / ip(x) u 0 {x) dx — / u(0+,x) ip(x) dx. 

Jo, J n 


Hence, 










We then obtain that 


0 = 


/ ijj(x) (u 0 (x) — «(0+, x)) dx 
Jn 

I ( u 0 (x) — lim - I u(t, x) dr ] da; 

Jn y wo+ t Jo J 

lim — f ( i/>(x) (u a (x) — u(t, x)) dr chc 
wo+ t Jq J o 

lim - [ [ i/)(x) (u 0 (x) — u(t,x)) dxdr . 
^°+ Wo Jn 


t —^0-|- 

Therefore, there exists a set £ C I with measure 0 such that 

lim / ib(x) (u 0 (x) — u(t, x)) dx = 0 
t^o+,tei\eJ n 

and, by the arbitrariness of i/j, the proof is completed. 


□ 


Proof of Proposition 


2.3 


Let T e C 2 c {\0,T[xl 


and $h as in (6.7). Write (2.1) with 


c pit , a;) = ^(t, x) $h{x) and take the limit as h —> 0. For all k € R: 


lim 

h —>-0 


iJn 


\u(t, x) — k\ x) &h(x) dzdt = 0; 


lim / / sgn( u(t, x) — k) (f(t, x, u) — f(t, x, k)) • V v f'(t, ,(x) dx dt = 0; 

h-toJrin 


lim / / sgn (u(t,x) — k) (fit, x, u) — f(t, x, k)) ■ V<&h( x ) x) dx dt = 
wo JiJ n 

lid sgn ( tru ^’^ (/ (t,£,tru(t,£)) -/(*,£,*)) ■ v(€)'&{t,£)d£dt 

lim / / sgn (u(t,x) — k) (F(t, x, u) — div f(t, x, k)) d/(t,x)$h{x)dxdt = 0; 

wo JjJ n 

lim / T(0,a;)$ft,(a;)|it o (a;) — k\ dx = 0; 

wo Jn 

lim [ ( sgn(u 6 (t,0 - k) \f (i,£,tru(i,£)) - /(i,£,ft)l ■ v(£) ^(i,£) $ h (£) d£di 
wo7jJ an L J 

= I Id sgn ( U6 ^’^ “ - /(*,£>&)) ' KO ^(i,Od^dt , 

where we used the Dominated Convergence Theorem, Lemma |A.6| and Lemma |A.4| The latter 
Lemma can be used since the function (u, k) —> sgn(« — k) ( f(t,x,u ) — f(t, x, k)) is Lipschitz 
continuous by m Lemma 3]. Therefore, 


Udn L 


sgn (tr u(t, £) — fc) - sgn (u b (t,£)-k) f (t,£,tru(t,£)) ~f{t,£,k) 

■v(£) ^(t, x) d£ dt > 0. 


Hence, 


sgn (tru(t, £)-&)-sgn (u 6 (t,£)-fc) / (i,£,tr u(t, £)) - / (t, £, fc) • i/(£) > 0 (7.2) 


almost everywhere on ]0,T[x<9fl for all k € R. Inequality ( |7.2[ ) is reduced to (2.3) by taking k in 
the interval I(t, £). □ 
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Proof of Proposition 2.6, Let u satisfy Definition 2.5 Then, choose for instance £ m (u) = 


\J+ {u — k) 2 for k G R. and m G N. The entropy flux is then defined by 3. in Definition 
standard limiting procedure allows to obtain (2.1l in the limit m —> +oo. 


2.4 


A 


Conversely, let u solve ( |1.1| ) in the sense of Definition |2 .1 1 and assume that |MIl°°(/xs>r) — 

for ar 


Then, clearly, u satisfies (|2.4|) with £{u) = a\u — k\ + (3, for any a > 0 and k, (3 G R. Further, note 


that if u satisfies (2.4) with two pairs {£i,Fi) and {£ 2 ,^ 2 ) (for continuous maps £\, £ 2 , J- 2 ), 
then it satisfies the same inequality also with respect to (£\ + £ 2,^1 + -F 2 ). Inductively, u sat¬ 
isfies (2.4) for any pair (£,T) with £ piecewise linear and continuous on [— M,M ]. Remark also 
that if u satisfies (2.4) with respect to the continuous pairs ( £ n ,3F n ) and the £ n are uniformly 
convergent to £ on [— M, M ], then u satisfies (2.4) also with respect to the pair (£, J r ), where T is 
given by 3. in Definition 2.5 Finally, since any convex entropy £ is the uniform limit on [— M 1 M] 
of piecewise linear and continuous functions, we obtain the proof. □ 

Proof of Theorem |2.7[ The proof consists in regularizing the initial datum through a sequence 
n™. Applying Theorem 14.21 we have a sequence of solutions u m . Theorem 14.31 allows to prove that 


u rn satisfies the Cauchy condition, hence converges to a map u, which is proved to solve (1.1). 


To approximate the initial datum, using m Formula (1.8) and Proposition 1.15] introduce a 
sequence u m G C°°(fi;M) such that 


lim 

m—>■+00 


\\u 0 - u, 


'rollLRfi;! 


= 0, 




< IK! 


L~(fi;R) 


and lim TV (u m ) = TV (u 0 ). 

ra—>■+00 


Define now = 1 — &i/ m , with as in (6.7). Let 

u™(x) = 4t m (a;) u m {x) for all x £ Q. (7.3) 

By construction, lim m _> +00 || u™ — M o|| L i(Q. R ) = 0, so that u™ is a Cauchy sequence in L 1 (f2;K). 
We have also the uniform bounds 


< 


lL“(n;R) — II J, °llL“(n;R) > 

TV (k„ ) < llg ra( i ^mllLqojR") II II l°° (H;R) d~ II 11 l°° (0;R) 11 grad Lt 

— ^(1) ll' U o|lL 00 (n;R) fo TV (u Q ) . 


m IIL 1 


(7.4) 


(7.5) 


Since for any m £ N \ {0} we have that w” l (£) = u b { 0, £) = 0, Theorem 4.2 applies to £D 
with initial datum u™ and boundary datum u b , yielding the existence of a solution u m to (1.11 in 
the sense of Definition 2.1 which satisfies the estimates ( |4.4| ), (4.5) and (4.6). Theorem 4.3 then 
implies that 


[ \u m >(t,x) - u m "{t,x)\ da; < e Lpt [ u™'(x)-u™"(x) 
J n an 


da; 


proving that the sequence u m (t) satisfies the Cauchy condition in L 1 (fl;K) uniformly in t £ I. 


Call u = linim^oo u m . We now verify that u solves (1.1). By Proposition 2.6 each u n 
satisfies (2.4) for any C 2 entropy £i(u) = \/j + (u — k ) 2 and for any p G C 2 (]— 00 ,T[ x K"- 1 


/ / £1 (u m (t,x)) d t ip(t,x) + Ti (t,x,u m {t,x)) ■ gradp(t,x) 

Ji J n L 


'I (u m (t,x)) (F (t,x,u m (t,x)) - div/ (t,x,u m (t,x))^ + divTi (t,x,u m (t,x)) 


<p(t, x) > da; d t 


JiJ Fi (t,£,u b (t,£)) - £[ (itb(LO) (/ (t,£,u b (t,€)) - / (t,£,tru m (t,£))) 


+ [ £i(u™(x)) <p(0, x) dx 
Jfi 


d£dt> 0. 
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In the limit m —> +oo, since u m converges in L 1 to u, tr u m converges to tr u by Lemma A.2 
which can be applied thanks to the estimate (4.5). Hence, we have 


/ / Si (u(t,x)) d t p(t,x) + Ti {t,x,u(t,x)) ■ grad p(t,x) 
JiJn L 


{pit, x) > dx d t 


( u(t,x )) ^F (i,x,w(f, x)) — cliv/ (t,x,u(t,x))^J + div Fi (t,x,u(t,x)) 

I L ^ (^ ,U6 ^)) ~ £>l ( Uf, (*’^)) {f (*>£>«&(*>£)) “ / (*, C, tr it(i, 0)) ' > 0. 

In the limit l —> +oo, we have the convergences £i —> £ and Ti —> T, with £(u) = \u — k\ and 
F(t , x, u) = sgn(it — k) (fit , x , u) — f(t , x, fc)), so that 

JJ a 11 U(t, x)-k\ d t p(t , x) + sgn (u(t, x) - k) ( f(t , x, u) - f(t, x, k)) ■ grad p(t, x) 

+ sgn (u(t,x) — k) (F(t, x,u) — div/(t, x, fc)) x)| dxdi 

+ / |w(0, x) — k\ <p(0, x) dx 

Jn 

- j J^sgn(u b (t,^) - k) (^f (t,^,(tvu) (t,^)) - f{t,^,k^j ■ v{£) p(t, £) d£ dt > 0. 

Finally, observe that 

/ |u(0,x) — k\ y>(0,x) dx < / |tt 0 (x) — k\ y>(0,x) dx 
if! Jn 

+ I |u Q (x) — u™(x)| yj(0,x)dx m ^"“0 by (17.3) 

Jn 


+ [ \uT( x ) ~ u m{0,x)\ p(0,x) dx m ^t°°0 by Proposition [2l2 
Jn 

+ / |w m (0, x) — m(0, x) | 93 ( 0 , x) dx m y^°° q since u m —> u in L 1 , 
Jn 


concluding the existence proof. 

The bounds directly follow from (4.4), (4.5) and (4.6), thanks to the properties (7.4) and (7.5) 
of the sequence u™. □ 


A Appendix: The Trace Operator 

A relevant role is played by the trace operator which we recall here from |Sj ( Paragraph 5.3]. 

Definition A.l. Let A C R" be bounded with Lipschitz boundary. The trace operator is the map 
trA '■ BV (A; R) — > L 1 (i9A; R) such that for all p £ C 1 (R"; R") and for all w £ BV(A; R), 

[ ((tr aw)(£)) p(£) ■ [ w{x) div p(x)dx + f p(x) d(Vw(x)) . 

JdA J A JA 

Below, when no misunderstanding arises, we omit the dependence of the trace operator from 
the set. First of all, we recall without proof the following two lemmas. 

Lemma A.2 ([51 Paragraph 5.3, Theorem 1 and Theorem 2]). Let A C R n be bounded with 
Lipschitz boundary. Fixw £ BV(A;R). Then, the trace operator is a bounded linear operator and 
for 'H n ~ 1 -a.e. f £ dA, 

lim - 7 ---7 f |w(x) — (tru>)(£)l dx = 0 . 

~°+£ n {B(Z,r)nA) J B{MnA ' y 
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Lemma A. 3 ([8] Paragraph 5.3, Remark to Theorem 2]). Let A C R" be bounded with Lipschitz 
boundary. Fix w £ BV(A; R) fl C°(A; R). Then, (tru>)(£) = w(f) for TL n ~ 1 -a.e. £ £ dA. 

Recall also the following property. 

Lemma A. 4. Let A C R" be bounded with Lipschitz boundary. Fix w £ BV(A;R) and h £ 
C° :1 (R; R). Then, tr (h. o w) = h o (tr w ) for TL n ~ 1 -a.e. f £ dA. 


Proof. For any f £ dA and for r > 0 sufficiently small, compute: 


(tr (h o w )) (£) - (h o (tr w)) (£) 


< 


1 


& (B{f,r)nA) J B(i ,r)nA 

1 f 


£ n {B(f,r)nA) J B (i,r)nA 


< 


1 


£ n (B(£,r)nA) J B(M nA 

Lip (h) f 


C n (B{f,r)nA) J m , r) nA 


(/ h o w)(x) — (tr (h o «>)(£)) 
(, h o w){x) — h ((tr «;)(£)) 
[h o w)(x) — (tr (h o 
w{x) — (triu)(£)| dx 


dx 

dx 

dx 


and both addends in the right hand side above vanish as r —> 0+ by Lemma A.2 


□ 


The next two Lemmas relate the values attained by the trace of u with limits at the boundary 
of integrals of u. 


Lemma A.5. Let T > 0 and u £ BV([0,T];R). Choose a sequence pk £ C*([0,T]; [0,1]) 
such that <pk( 0) = 1, Pk{t) = 0 for all t > 1/k and sup fe || l «,q 0 T ]. R ) < +°°- Then, 

lim / u(t) p' k (t) dt = — u(0+). 
k— >-+oo J j 


Above, we used the standard notation rt(0+) = tr^T] w(0). 


Proof. Denote c = sup fc / 

Wk ||l<> 

° ([o,T] ; R n ) ■ Compute: 


r 


,i/fc 


/ u(t) p' k (t) dt + u(0+) 

= 

/ u {t)p' k (t)dt + u(0+) 


J i 


Jo 


fl/k 

,-l/k 

< / \u(t) — u(0+) 11 (t) df + 

u( 0+) / p' k (t)dt + u( 0+) 

J 0 

Jo 


c f 1/k , 

- i/k J 0 H*)- u (°+)l d * 


which vanishes as k -A +oo by Lemma|A.2[ 


□ 


Lemma A.6. Let fl satisfy (Jl 2 ,o) and u £ BV(f2;R). Choose a sequence \k G Cj(R ra ; [0,1]) 
such that Xfc(£) = 1 for all f £ dfl, Xfc(x) = 0 for all x £ LI with B(x, 1/k) C fi and moreover 

su Pfc ill v Xfc|| L “(n-R") < +°°- Then, lim / u(x) grad% fe (x) dx = / tr n u{£) u(f) d£. 

V ’ ’ k^+ooj n J dn 

Proof. Let e,; be the j-tli vector of the standard basis in R n . Set Llk = {x £ : d(x, dLl) < 1/k} . 

Then: 



u(x) grad \fe(x) dx 


L'n «(0 d£ ) ■ e. 


id n 
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u(x)diXk{x) dx- / tiu(f) Xk(Od ■ K£) d £ 

! Jan 

u{x) diXk{x ) dx- tru(0 Xfc(£) G • K£) d£ 

! fc J d£ 2/, 


Xfc(a:)d(Vti)i(x) 


where Definition E3 was used to obtain the last expression. By the Dominated Convergence 
Theorem, linifc_ ) . +00 Xk{x) d(Vit)i(a;) = 0, completing the proof. □ 
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